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Abstra ct. Thehigherorderp-calculusis anextensionof the p-calculusto allow communicatiorof
abstraction®f processesatherthannamesalone. It hasbeenstudiedintensvely by Sangiogi in his
thesiswherea characterisatiof a contetual equivalencefor higherorder p-calculusis provided
usinglabelledtransitionsystemsandnormal bisimulations.Unfortunatelythe proof techniqueused
thererequiresarestrictionof thelanguageo only allow nite types.

We revisit this calculusandoffer analternatve presentatiorf the labelledtransitionsystemand
a novel proof techniquewhich allows us to provide a fully abstractcharacterisatiomof contetual
equivalenceusing labelledtransitionsand bisimulationsfor higherorder p-calculuswith recursve
typesalso.

1. Intr oduction

It is evidentthatthereis growing interestin the study of mobile codein procesdanguages$3, 1,
9, 15]. It is alsoclearthatthereis somerelationshipbetweenhe useof higherorderfeaturesand
mobility. Indeed,codemobility canbe expressedascommunicatiorof processabstractions.For
this reasonthenit is importantfor usto develop a clearunderstandingf the useof higherorder
featuresn procesdanguages.

Work towardsthis beganseveralyearsagowith variousproposaldor higherorderversionsof
known calculi[14, 4], includingthe higherorderp-calculusor HOp [10]. This calculuswasstudied
intensvely by Sangiogi andone of his achi&zementswasto provide a translationof the higher
orderlanguagevhich supportscodemobility, to a rst-order p-calculuswhich supportonly name
mobility. This translationis provedto befully abstractvith respecto barbedcongruencebut with
therestrictionto alanguageof nite types.

While thetranslationis of interestin its own right, it alsoturnedoutto be very usefulfor pro-
viding apowerful fully abstractharacterisationf barbedcongruencén termsof labelledtransition
systemsand normal bisimulations. Providing direct proof techniquedor contextual equvalences
in higherorder procesdanguagess often consideredo be hard[13]. In this papey the dif culty
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arisesin establishingsoundnessf the proof techniquewhich is tantamounto establishingsome
sortof contextuality property It hasbeenseenthatthe useof a translationof higher to rst-order
communicatiorcanalleviate this problemandsuchtranslationshave beenemplg/ed to this effect
[12, 7).

However, dueto the restrictionto nite typesfor the correctnessf thesetranslationsthe
soundnessf the prooftechniques only guaranteedor nite types.Giventhatrecursve typesare
usedextensvely in p-calculus,for encodingsof datatypesandfunctions,this posesa signi cant
restriction. Sangiogi hasshavn thatby studyingvarioussubcalculi,suchasthe asynchronoug-
calculus heis ableto remove therestrictionto nite types[13]. To date therehasbeenno proofof
full abstractiorfor full HOp in the presencef recursve types.

In this paperwe presentan alternatve descriptionof labelledtransitionsystemsand normal
bisimulationsfor HOp, which is informedby Sangiogi's translationof higherorderto rst-order
communication. Our alternatve presentatiorallows a direct proof of soundnesgor contetual
equvalencewhich makesno useof thetranslationto rst-order p-calculusand,moreimportantly
makesno restrictionon types.

The innovation herelies in the introductionof operatorgy and k v which simulatethe
triggersTry and meta-notation k: v of Sangiogi [11] wherek is a uniqueidenti er for the
triggerandv is aprocessbstractionThecrucialdifferences thatwhereSangiogi givesde nitions
asHOp termsfor thesedevices:

Trgk xkx and k: v Kxv x

wherek x representanoutputon namek and k x P represents replicatednputon namek, we
leave the operatoraininterpreted Thereareno interactionsbetweernthe operatord y and kv
Rathey we just mimic the behaiour of triggersin the labelledtransitionsystems.The bene t of
doingthisis thatit allows usto obtaina direct soundnesgroof that (normal) bisimilarity implies
contectual equivalencewithout recoursedo ary translationin its correctnesgroof.

A challengeof approachinghe problemin this way is thatit is not immediatelyclearthat
bisimilarity will be completefor contextual equivalencein HOp. Thatis to say it is not obvious
whethereachtransitionhasa genuineHOp context whichvalidatest. At this pointhoweverwe can
interpretthe operatordx and k v asHOp termsexactly asSangiogi does.lt is thenasimple
matterto demonstrateompletenestllowing familiar techniqueg3, 7, 5]. Therealpayof is that
not only do we obtaina direct soundnesgroof but the postponemenbf interpretingthe triggers
allowsusto nesseary restrictionso nite types.

The remainderof the paperis organisedas follows: in Section2 we recall the syntaxand
semanticof HOp alongwith thede nition of contextual equivalencewhichwe will beusing.This
is followedin Section3 by a presentatiomf the novel labelledtransitionsystermusingthe operators
tkand k v . Weprovethatbisimilarity overthislabelledtransitionsystemnis soundfor contextual
equvalencen Section4 andcorversely thatit is completefor contextual equivalencein Sectionb.
We concludein Section6 with someclosingremarks.

2. Higher-order p calculus

Exceptfor smallchangesn notationthelanguagés ascanbefoundin [13] with threemaindiffer-
ences:

(1) We assumewo distinct countablyin nite setsof identi ers, V andN , for variablesand
channelhamegespectiely. In generawe will usex y zto rangeover variablesanda b ¢
to rangeover channehames.This variable/namelistinctionmalesthe algebraigroperties
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TU = Value Types
Unit type
T Channetype
T Abstractiontype
Z Typevariable
ZT Recursie type
PQ = Terms
vV w Application
vx:T P Input
vwP Output
vV o w P Q Matching
na:T P Namecreation
P Q Concurreng
P Repetition
0 Termination
VW I Values
Unit value
a Channehame
X Variable
x:TP Abstractions

Figurel: The Syntax

of thelanguagalittle cleanemandwe arecon dentthatthetechniqueproposederewould
alsobe applicablef weidenti ed thesesets.

(2) Sincewe have adopteda variable/namalistinction, we have usedHondaand Yoshidas
de nition of obserationalequivalence[6] in Section2.4 ratherthanSangiogi's. See[2]
for adiscussiorof thisissue.

(3) We allow communicatiorof channelnamesaswell asprocessabstractionsothatthereis
acorep-calculusasadirectsubcalculusf HOp.

2.1. Syntax

We presenthe syntaxof HOp in Figurel. The grammarof typesfor valuesincludes:
. asingletontypejust containingthe value

T : thetype of channelsvhich canbeusedfor communicatinglataof typeT. Notethat
in this paperwe arenot consideringnput-onlyor output-onlychannels.

T . thetypeof anabstractionx: T P. Suchanabstractiorcanbe appliedto avaluev
of typeT to returnawell-typedprocess® v Xx.
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Zand ZT: theseallow recursie types,suchasthe type for monomorphig-calculus
channels Z Z. WerequireZ to beguaded ary free occurrenceof Z lies within a
subepressiorof T of theform U orU

Thegrammarof processermsincludes:

v w: theapplicationof abstractiorv to agumentw. During execution,v will beinstantiated
by anabstractiorof theform x: T P, andb-reductionwill give theproces$ w x.

v X: T Pandv w P, whicharethestandargynchronousputandoutputof thep-calculus,
exceptthatsinceabstractionsre rst-class values,we cancommunicatéigherorderdata
aswell as rst-order data.

vV ow P Q: anequalityteston values wherethe type systemwill ensurehatv
andw arechannelsandsowe will never compareabstractiongor syntacticidentity.

na:T P,P Q, PandO: thestandardo-calculusprocesse$or channelgeneration,
concurreng, replicationandtermination.

Thegrammarof valuesincludes:
: theonly valueof type
aandx: channehamesandvariablesespeciiely.

x: T P: anabstractionwhich canbeappliedto avaluev to returnaprocess? v x . Since
abstractionsare consideredrst-class values,they canbe communicatedn channelsor
passedsargumentgo otherabstractionsThis featuregivesHOp its higherorderpower.

2.2. Reduction semantics

The reductionsemanticdor the languages de ned in a standardmanner:we rst introducethe
evaluationcontets

E: E P naE
Structuralequivalence, is de nedto betheleastcongruenceavith respecto E contets suchthat
it makes 0 into acommutatve monoidandmorewer satis es

na P Q naP Q if a P
P P P

We will now considerprocessesip to structuralequvalencethroughoutthe remainder We de ne
the reductionrelation —  asthe leastprecongruencevith respectto E contexts suchthat the
following axiomshold

comm avP axQ - P xQwv

b redn XPv - Pv x

cond—tt a a P Q - P

cond—f a b P Q - Q a b

In astandarchotationwe write to denotethere exive, transitve closureof -
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Gv T Gx:T P G v:T T iU
G G v:T G x:TP:T G v:U
G v: T w: T
G P G Q Ga:T P G PQ
G vV ow P Q G na:T P G P Q PO
G v:T G w:T Gx:T P G v: T G P G wW:T G v: T
G vw G vx:TP G vwP

Figure2: TheTypingRules

2.3. Typesystem

We introducea simple type systemfor the languagewhich comprisesypesfor channelsand ab-
stractionstogethemith recursve types.To allow usto infer recursve typesfor termswe make use
of typeisomorphismWe de ne thisby letting 5o betheleastcongruencentypeswhichincludes

ZT T ZT Z

A typeervironmentGis a nite setof mappingsfrom identi ers (channelnamesor variables)to
typeswith therestrictionthatchannehamesa mustbe mappedo channekypesof theform T .
Wewrite G n: T to representhe ervironmentmadeup of the disjoint unionof Gandthe mapping
nto T. Wewill call anervironmentclosedif it containsmappingsof channehamesonly andwill

write D to indicatethis. Typeinferencerulesfor the calculusaregivenin Figure2. We will call a
well-typedprocessP, closedif it canbetypedasD P for someclosedD. It is easilyshavn that
subjectreductionholdsfor closedtermsfor thereductionrelationandtypeinferencesystemgiven.

2.4. Contextual equivalence

Wewill now de ne anappropriatenotionof behaioural equivalencebasedn contets andbarbs.
Contets are de ned by extendingthe syntaxof processed®y allowing typedholes ¢ in
terms.Thetypeinferencesystemis extendedo contexts by usingtherule

GG G

We write C to denotecontexts with at mostonehole andC P for the term which resultsfrom
substitutingP into the hole.
For ary givenchannelnamea suchthatD a: wewrite D P aif thereexistssome

P P suchthatP nD a P P witha D.
We usetype-indecedfamiliesof relations Rp betweerclosedprocessermsto describeequiv-
alence We will write R to referto thewholefamily of relationsand

D PRQ
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to indicatethat P and Q arewell-typedwith respecto D andrelatedby Rp. For generalprocess
termswe de ne theopenextensionR © of atypedrelationR as

Dxi: Ty X:Thn PR°Q
holdsif for every D disjointfrom Dandeveryv; suchthatDD v;:Ti(forl 1 n)wehave
DD Pwv; Vn X1 xn RQwvy Vn X1 Xn

Notethat,in generalfor closedtermsD PR QisnotequivalenttoD P R°QasR° enjossthe
wealeningpropertythatD D P R°QwheneerD P R° Q, evenwhenR doesnot. However,
thecontetual equivalencewhichwe studyin thispapetlis de ned asanopenextensionandtherefore
will satisfythis wealening.
Therearea numberof propertief type-indeced relationsthatwe mustde ne:
Symmetry:: A type-indecedrelationR issymmetriovheneerD PR QimpliesD QR P.
Reductionclosure:: A type-indeedrelationR is reduction-closeheneerD PR Qand

P - P impliesthereexistssomeQ suchthatQ QandD PROQ.
Contextuality:: A type-indecedrelationR is contetualwheneerG  PR°QandG C ¢
impliesG CP R°CQ.
Barb presewation:: A type-indeedrelationR isbarb-preserving D PR QandD P a
impliesD Q a

De nition 2.1 (Contetual equivalence) Let  bethe openextensionof the largesttype-indeed
relationwhich is symmetric reduction-closed;ontextual andbarb-preserving.

For technicalcorvenienceit will be usefulto work with a lighter de nition of contextuality.
WesaythatarelationR is -contetualif it is preseredby all contexts of theform ¢ Randwe
let p denotethe openextensionof the largesttypedrelationover processesvhich is symmetric,

-contetual, reduction-close@nd barb-preserving.The following lemmademonstratethat this
lighter de nition is sufcient.

LemmaZ2.2(Contextlemma) G P Q ifandonlyif G P ,Q
Proof. In AppendixA. L]

3. Full abstraction

In this section,we will present bisimulationequivalencefor HOp, andshaw thatthis equivalence
is fully abstracfor contextual equivalence.

3.1. Labelled transitions

We will usea labelledtransitionsystemto characterize over higherorderp-calculusterms.The
style of the labelledtransitionsystemdiffers a little from previous transitionsystemsoffered for

HOp. Most notably the nodesof the transitionsystemare describedusingan augmentedyntax
ratherthan processtermsalone. Speci cally, for eachk dravn from a countableset of names
disjointfrom N andV, weintroducetwo new operators:

tk and k v
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with theintuitive readingthatt k is anindirectreferencdo anabstractiorand k v storesheab-
stractionto which k referssothataccesso v is providedthroughinteractionwith k. Theaugmented
syntaxfor nodess giventhegrammarof con gurationsC obtainedby extendingFigure 1 with:

v o (asFigurel) tk
c = P k v na:T C c C
We imposea syntacticrestrictionon the augmentedyntaxso thatin ary con gurationC for ary
givenk then k v appearsat mostoncein C. Structuralequivalenceandreductionlift to C in
the obvious manner— notethatthereareno reductionrulesgivenfor ty, and k v though.We
augmenthetyperulesby consideringudgement®f the form
G, Q v:T and G, Q C

whereQ represents setof mappingsrom referencenamedo typesT. Therulesin Figure2 are
easilydecoratedvith the extra Q ervironment. Thefurtherrulesrequiredaregivenby

Qk T Qk T G;Q v:T
G, Q ty:T G;Q k v

Nodesof ourlabelledtransitionsystenthenarewell-typedclosedtiermsof theaugmentedanguage
of theform

D;Q C
Thetransitionsareof theform D; Q C @ D;Q Co D;Q C R D; Q C where
visible labelsa aregivenby thegrammar:
a naa nkdtg! nk dty? dv? dv!

wherewrite d to meaneitherachannehamea or anindirectreferencenamek. Thetransitionsare
presentedn Figures3,4,5. Theintuition for thesetransitionss (eliding typesfor readability):

?
P 2Y7 p: indicateghatP is preparedo inputa valuev on channel andthenperformas
P . Thetypesystemenforceghatv is a rst-order value,andnotanabstractionMoreover,
in this caseboth a andv are pre-«isting values,and were not generatedresh for this
transition.

kv? s . . .
P XY p:indicateghatP hasprovidedanamedabstractiomeference to theervironment,
andthatthe ervironmentis calling the abstractiorwith pre-&isting amgumentv.

P nbab? P : indicatesthat P is preparedo input a freshchanneb on channela andthen

performasP . Thisis thesameasP ab? P, exceptthatb is now afreshchannegenerated
by the ervironment,andhasnot beenseernbeforeby the process.

bk b ? - . . .
pl P : indicateghat P hasprovided a namedabstractiorreferencek to the erviron-
ment,andthatthe ervironmentis calling theabstractiorwith freshargumentb.

lat, ? - . . .
p MY 7 b indicatesthatP is preparedo input an abstractiorl on channela andthen
performasP . In this case we do notrecordthe abstractioritself in the label, but instead
we justgenerate freshreferencd to theabstraction.

P nkt? P : indicateshatP hasprovideda namedabstractiorreferencek to the erviron-

ment,andthatthe ervironmentis calling thatabstractiorwith agumentl. In this case k
mustbe a higherorderabstractionsois expectingan abstractiorasan agument. Rather
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thanrecordingthe abstractionitself in the label, we insteadgeneratea freshreferencd to
theabstraction.

Eachof theabove inputtransitionshasadualoutputtransition wheretherole of theprocess
andervironmentareexchanged.

We write & to denotethe complemenbf anactiona, whichis de ned to betheactiona with the
input/outputannotatiorinversed We will oftenwrite to meanthere exive transitve closure

of - and ° to mean A . Thefollowing propositionstateshatthe labelled

transitionsystemis well-de ned in the sensethat the transitionrelation only relateswell-typed
terms.

Proposition3.1. If D; Q Cand D; Q C % DD ;QQ C thenDD;QQ Cisa
valid typing judgement.

Proof Straightforvardinduction. ]

3.2. Bisimilarity
We usea standardle nition of (weak)bisimilarity to provide our characterisatioof  for HOp:

De nition 3.2. We call asymmetricrelation,R, betweemodesof thelabelledtransitionsystema
bisimulationif wheneer n m R we have

t . . .
n- n impliesthereexistssomem suchthatm mandn m R

n-* n impliesthereexistssomem suchthatm ° mandnm R
Let bisimulationequvalence or bisimilarity, bethelargestbisimulationrelation.
We will write
D;Q C D
tomeanthatD; Q CandD; Q D arevalid typing judgementandmorewer, they arerelated

by asnodesof thelts. In orderto provide a bisimulationcharacterisationf — over HOp we will
considerasubrelatiorof by restrictingour attentionto nodesof theform

D; P
whosetermsareclearlyde nablein HOp. We will simply write (whenQ is empty)
D P Q

to indicatebisimilarity betweensuchtermsof HOp consideredasnodesof the labelledtransition
system.

3.3. Soundnesf bisimilarity for contextual equivalence

We needto demonstratehat bisimilarity implies contextual equivalencefor all HOp processes.
In particular becauseof Lemma2.2, we needonly shav that bisimilarity is containedin some
symmetric,reduction-closedharbpreservingand -contectual relation. The key to achiezing this
is to studythe -contet closureof bisimilarity. If we candemonstrat¢hatthis is reduction-closed
thenwe have ourresult. To do this we mustestablisha decompositiortheoremfor interactions For
instancejf P andQ arebisimilarandwe composesachof themwith a processR thensuppose

P R- S
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a

C- C D;Q C -

D;Q C
D:Q C-' D:Q C D;:Q CD-* D:Q C D

Da:T;Q c Da:TD;QQ C a a

a

D;Q na:TC - DD;QQ na:TC
db!

Db:T;Q C — Db:T;Q C d b
D:Q nmb:Tc 2 pp:T:0Q C
Db:T:Q ¢ " pb:T:Q Cc d b

. nbd b ? .
D:Q C Db:T:Q C

Figure3: Structurallabelledtransitionrules

T isoU

D:Q ax:TP X2%? prok:U x:TP tg
Qk isoT

. nlkt ? . .
D;Q v:T

D:Q avP fka t D:Qk:T k v P
Qk isoT

D:Q tev 2" piQIiT 1 v

Figure4: Basichigherorderlabelledtransitionrules

D v: T abasetype

av?

D;Q ax:TP — D;Q x:TPv
Qk T D w:Tabaseype
D;Q k v few? D;Q vw k v

D v:T abasetype

av!

D;Q avP — D;Q P
Qk T T abaseaype
D;Q txv v D;Q O

Figure5: Basic rst-order labelledtransitionrules
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representaninteractionbetweerP andR. We decompost¢his into complementargctions

P2 P and R*R
respectiely. NotehoweverthatSis notnecessarilpbtainedoy a parallelcompositiorof thetamgets
of thetransitionsP R. InsteadP andR maycontainindirectreferenceandtheircorresponding
resourcesTheseneedto be matchedup correctlyto obtainS. We achieve this by introducingthe

meige (partial) operator  which will matchup thesetermsandreplaceevery indirectreference
to anabstractiorwith theabstractiontself. We write

Cv tg

to denotethe substitutionof the valuev for every instanceof theindirectreference . We de ne
C thenastheoperatoron termsof theaugmentedgyntax(upto ) suchthat

C C if C doesnt contain k v forany k v
na:T k v C na: T Cuv tg ifty v

Intuitively, this saysthatwe substituteary valuesstoredata k v throughfor thecorresponding
tk. Notethatthis neednot substitutefor all theindirectreferencadenti ers in C. It is clearthatthe

above de nitions areonly partial. For example,if C containsanoccurrenceof k v for which

tx occursin v, then C isunde ned.In orderto identify for which termsthemeigeis de ned we

make useof the notionof refeencegraph ForatermC we de ne thegraph C to bethegraph
which hasnodesastheindirectreferencadenti ers k in C andedges

k | if tt v for k v in C
Proposition 3.3. is awell-de ned partialfunctionsuchthat C isde nedif andonlyif C
is agyclic.
Proof. Givenin AppendixB. ]

Lemma 3.4 (Composition/DecompositionforD; Q CD
@I C D E and

D;Q C° DD:QQ C and D:Q D -* DD;:QQ D
thenthereexistsaE suchthatE Eand nD C D E
(i) If C E andC - C thenthereexistsaE suchthatE - E and C E
@iy If C D E andE - E thenoneof thefollowing hold

C- Cwith C D E
orD- Dwith C D E

&
or D:Q C ° DD:QQ C andD:Q D DD;QQ D with
nD C D E.

Proof. Part (ii) is straightforvard asthe meige operator  simply remaoves subtermof the form
k v, which cant be involved in reductions,and substituteshigherorder valuesthrough for
variablesof higherordertype. Reductionsaarebasedon structurealoneexceptfor the conditionals

which canbeaffectedby rst-order substitution®f channehamesonly.

To shaw (i) we mustconsiderall the possiblecasedor a. By symmetrytherearefour distinct
pairsof complementanactions.We only considetthecaseswherea isnk a ty ?andnl kt; ?as
the rst-order actionscanbetreatedsimilarly.
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Case:D; Q anatk?D;Qk:U C andD; Q anatk! D; Q k:U D. Byinspection
we seethat
—-C nD ax:TP C with T 50U

-C nb x:TPtx C
—-D nD avQ D
-D nD k v Q D

Itiseasytoseethat C D - nDD x:TPv C Q D letuscallthetaget
of thisreductionE . We simply needto check
E nDD x:TPv C Q D
tk Vv nD x:TPty C nD k v Q D
C D
Case:D:Q C™"? p.QI:T candD;:Q DX"' D:QI:T D. Again, by

inspectiorwe seethat

-C nb k v C

-C nD vt k v C
—-D nD tyw D

-D nD | w D

Note thatthe previous propositiontellsusthat C D mustbeagyclic — in particular
tx V. Herewe seethat

C D nD D k v C tykw D
tk Vv nD D k v C vw D
ty, vwC D nD D k v C vt | w D
C D
Sobyletting be C D wenotethat C D E asrequired.

To shaw (iii) wesuppose C D E andthatE - E . Wemustconsiderall possibleways
in which this reductioncanoccur If thereductionarisesfrom a conditionalthenit is clearthatwe
musthaveC - C orD - D forsomeC orD . Moreoverit is easyto checkthat C D (resp

C D ) E. Therearetwo morepossibilitiesto consider:

Case: thereductionarisesdrom ab-reduction.In thiscaseeitherC - C orD- D asaboseand
theresultfollows easily orvis x:U Pand

-C nD tyw C with all namesn D appearingn w
-D nbD k v D with tk Vv
-E nDD Pwx C k v D

or a symmetricversionof thesewith the rolesof C andD reversed. So we noticethat if

U isoT , we have
nlkt! nlkt ?
D;Q C D;Ql:T C and D;Q D D;QIl:T D
whereC nD | w C andD nD Pt} x k v D .Wecheck:
C D nD | w C nD Pty X k v D
ty, vwC D nDD C Pwx k v D

E
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asrequired.Alternatively, it couldbethatU is abasetype,in which case

nD kw! nD kw ?
D;Q C DD;Q C and D;Q D DD;Q D
whereC C andD nD Pwx k v D .ltiseasytocheckthat C D E
asrequired.

Case: thereductionarisesfrom communication Again we seethateitherC - C orD- D, in
which casewe easilyobtaintheresult,or
-C nb avP C
—-D nD ax:TQ D
-E nD P C nD xxTQv D

or asymmetricversionof this with therolesof C andD reversed.Again we mustconsider
whetherthetype T is a basetype or higherorder We omit the detailsof the former case.
SupposdghenthatD; Q v:T 50U we know

D: Q anat"!D;Qk:U C and D;Q anatk?D;Qk:U D
whereC nD k v P C andD nD x:T Q tx D .Wecheck:

Cc D nD k v P C nD x:TQtx D
txk vPC D nDD P C x:TQv D
E

asrequired. L]

De nition 3.5. Let ,bede nedtobe
D;Q Ct D oG D if andonly if D;Q C; C, and D;Q D
wheneer C; D and C, D arede ned.

Notethatin thecasewhereQ is emptywe havethat C; D Gy D,andhence nand ,
coincide.

Lemma3.6. isreduction-closed.

Proof. Follows easilyfrom thepreviouslemma.TakeD; Q Ci: D  C; D andsuppose
C. D - E.Wemustshawthat Cc D - E forsomeE suchthatD;Q E nLE.We
know from Part (iii) of the previous lemmathatoneof threecasesnusthold. Eithe; C; - C,,

D - D ortherearecomplementanactionsfrom bothC; andD. We only dealwith thelastcase
asthe othersfollow easilyfrom the hypothesighatD; Q C; Cp andPart (ii) of the previous
lemma. &

WehavethenthatD; Q C; 2 DD;QQ C,andD;Q D DD;QQ D such
thatE C, D .Weknow by hypothesighattheremustexist some

a
D;Q & DD;QQ G
suchthat

DD;QQ ¢C G T

We cannow useParts (i) and (ii) of the previouslemmato seethat C, D E suchthat
E C, D .Notethat t guarantee®; Q E nE to nish. ]
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Theorem 3.7. For all closedtermsP Q of HOp:
D P Q imples D P ,Q
Proof Welet | denotetherelation
DD P R ,Q RiffD P QandDD R

It is easyto seethat ,isa -contetual relationovertermsof HOp. It is alsoeasyto seethat
is symmetricandbarbpreservingandcoincideswith  , for closedtermsof HOp, thusLemma3.6
canbeinstantiatedo demonstratéhat  is reduction-closednd,giventhat |, isde nedto bethe
largestsymmetric, -contextual, reduction-closedandbarb-preservingelationover termsof HOp,
thenwe have ourresult. L]

Corollary 3.8 (Soundness)For all termsP Q of HOp:
G P °Q implies G P Q

Proof. Follows from the previoustheoremandLemmaz2.2. L]

3.4. Completenesf bisimilarity for contextual equivalence

The interactionsdescribeddy the labelledtransitionsystemare not obviously derived by genuine
contextual obserationsin HOp becausef the useof the extra syntaxfor indirectreferences.n
orderto shav completenessf our bisimilarity for contextual equivalencewe mustdemonstratéhat
the indirectreferencesrein factde nable astermsof the languageproper Following Sangiogi
[13], we implementtheimplicit protocoloutlinedby theindirectreferencedy usingthefollowing
translationof theaugmentedermsinto HOp:

k]_ . T]_ kn ZTn k]_ . T]_ kn . Tn
G;Q C GQ Cqg
tk o x:TkxO0 fQk T
k V. Q kVQ

Thetranslatioractshomomorphicallynall otherterms.We alusenotationhereby usingidenti ers
k aschannelhamesn thetranslation.It is evidentthatthis translationis well-de ned in the sense
thatthetranslationof well-typedaugmentedermsareindeedwell-typedtermsof HOp.

We would now like to prove a correspondencieetweerreductionsrom the termsof the aug-
mentedsyntaxandreductiondetweertheirtranslationsHowever, we notethatin translatingaterm
containingboth k v andty we provide matchinginputandoutputpre x es,which,in HOp may
createa communicatiorwhich wasnot possiblein the sourceterm. This turnsout notto be of par
ticular concernto usthoughaswe seethatif we startingwith termsof HOp, thentermsreachable
by transitionsare balancedin the following sense:we call atermC of the augmentedanguage
balancedif for eachk thenC containsat mostoneof t (possiblemultipletimes)or k v . Un-
fortunatelythe translationmay introduceextra reductionswhich arent presentn the sourceterm.
Thesearisethroughthetranslationof termsof theformt v. Notethat

tk v x:TkxOv-thO

butty v hasno correspondingeduction.We will identify theseroguereductionsashousekeping
reductionsandindicatethemwith —  de ned asary reductionwhich canbe derived usingthe
axiom

redn X:TkxO0Ov- kvO



14 A. JEFFREYAND J.RATHKE

Lemma3.9.1f D; Q Cisbalancedhen
@ nrc C then C g C o

(2 If Cqo Pthen C g Do PforsomeD; Q D suchthatC D.
Proof. Wewill omit mentionof theervironmentQ in theproofasit playsnorole. Part1 is straight-
forward. For Part 2 we useinductionon the lengthof the reductions.If thereareno reductions
thenwe aredone.We examinethe basecasein which C - P. If thisreductionhappendo bea
housekepingmove, thatis, C - P thenthereis nothingto prove. Supposetherwisethenit is

nottoodif cult tocheckthatP D for someD suchthatC - D. For theinductive casesuppose
that

C - P
By inspectinghetranslation  andusingthefactthatC isLalanceMe seethat
cC- - 0Q implies cC- - Q
thuswe may assumehatthe rst reductionin t aboveis notof theform - . This meanghat
c- C P for someC suchthatC - C. Itis clearthatC is alsobalancedsowe may
applytheinductive hypothesigo
C P
to obtaina D suchthatC D and C D P. Puttingthesetogethemve obtain
C- C D and c- C D P
asrequired. L]

WhenD is of lengthatmostone,we shallwrite d D asshorthandde ned:
do d da:T da

Moreover, notethatwheneer D; Q D ? DD;QQ D ,wehaethatD hasatlength
mostone,andsod D is well-de ned.

Proposition3.10. For eacha D andfreshchannelsl d of appropriateypegivenby a andD, there
existsa processT,” (de nedin Figure6) in HOp suchthatif

D;Q C*DD;QQ C
then
DQQ d: To d: T2 °
andmorewer, for balanced
DO D° DD:QQ D
if andonlyif D; Q D and
T% Do nD dD P  with D gq P



CONTEXTUAL EQUIVALENCE FOR HIGHER-ORDERp-CALCULUS REVISITED 15

Proof. It is straightforvardto checkthatD QQ d: Tp d: T.P wheneer

D;Q C-"DD;QQ C
Fortheremainderto shav the onlyif' directionwe useLemma3.9Part 1 to reduceour obligation

to the caseof a singletransition *  andwe mustconsidereachlabela. By way of examplewe
shav thecasefora nl k t, ! (theothercasesanbetreatedsimilarly). Suppose:

a

D;Q D - D;Ql:U D

thenwe know that
D nD tgyv D
and
D nD | v D
Weseethatfor T 5o U
T ° Do kx:T ly:Uxy d d nD z:TkzO vg D g
d d nD ly:U vgoy D g
d DQI:U

asrequired.
For the corversedirectionwe supposehat

T ° Do nD dD P
Again, we mustperforma caseanalysisona. We shawv thecasein whicha isnl k t| ? (theother

casesanbetreatedsimilarly). We know D is emptyso TaD Q Do d P. Notethat

T. © hasno reductionsof its own andcanonly interactwith D o sowe candetailtheassumed
reductionsas

T"° Do TP m- d d P, d P

where D Py andPy P. We assumedhatD is balancedsoLemma3.9 Part 2 appliedto

D Py tellsusthat D Do o Py for someDg suchthatD Do. We know that
Po is obtainedfrom Dy g by housekepingreductionsandthatit interactswith T.2. This tells us
thatwe musthave theforms

Pob, nD kv Q PO
and
Pr nD Vo tiguu kvo R
Thisin turntells usthat
Do nD k v D,

suchthat D, g P,. Now it is clearthat

D,Q DO nlkt ?

D;Ql:U Dg
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O, dv d d

L dx:T x v d d 0 whereDd T

T2 nb:T db db d whereD d T

TPdb dx:T x D dx d 0 whereDd T

Todt, 2 d x:Ukx0 d d whereD d T andT 50U
Tn'idtk! dx:T ly:Uxy d d whereD d T andT U

representanencodingof internalchoicein HOp
x 0 P Q P
x a:TDh P Q X a Q x D P Q
Figure6: Testingprocessetor labelledtransitions

whereDy nD vt k v Dy.Wecheck

D1 qiu nD Vvg tigquu kv Dyo

nD Vo tigiu kv P

Py

P
Therefore D P andwe canapplyLemma3.9Part2 to thisto seethat D1 D P
for someD suchthatDy D . By collectingthe abore togethemwe obtain

D;Q D D;Q Dg 2 D;Ql:U D D;Ql:U D

with D qu P asrequired. ]

Lemma3.11(Extrusion) fD nD dD P ,nD dD Q thenDD P Q.
Proof Follows asimilaragumentfoundin [7]: de ne arelationR suchthat
DD PRQ iff D nDb dD P ,nD dD Q

andshav that R is barb-preservingreduction-closednd -contetual. Thesepropertiesfollow
from the correspondingropertyfor , andanextra pieceof contet to interactwithd D . ]

Theorem 3.12(Completeness)For all closedtermsP Q of HOp:
D P ,Q implies D P Q
Proof Wede ne R overtermsof theaugmentedanguageo be
D;Q CRD iff D Q Co pDo
andshaw thatR is abisimulation.Take D; Q CR D andsupposéhat

a

D;Q C -~ DD;QQ C
We know from Proposition3.10that
DQQ d: Tod: T ©
andthat
W Co nD dD P
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with C o P. We know that
D Q Co pDo
by thede nition of R, andhencepy contetuality we alsohave
D QQ d: To d: TaDQ CQ pTaDQ DQ
Thistells usthat
9% Do Q

suchthat
DQQ nD dD P ,Q t

ButbytheconstructiomfTaD Q wenoticethatnD d D P barbsondbutnotond . Therefore,
by thepreserationof barbspropertyof |, weknow thatQ mustalsobarbond butnotond . This

constrain® sothatQ nD dD Q. WeapplyLemma3.9Part2to TaD Q Do Q
to seethatthereis someD suchthatT,, © D o D oo nD dD Q fromwhich

it clearlyfollowsthatD nD dD D and D ggq Q. We useProposition3.10againto
seethat

D;Q D ° DD:QQ D
andwe now mustshav thatDD ; Q Q C R D. TodothisweuseLemma3.11on t (note
thatQ nD dD Q)toseethatDD QQ P p Q. It is alsoeasyto checkthat -
reductionsarecon uent with respecto all otherreductionsandhencepresere contetual equva-

lence thatis p, SowealsohaveD D Q Q C oo p D gq becauseC gq P

and D gq Q. ThisallowsustoconcludeDD ; Q Q C R D asrequired.

We mustalsoconsidertransitionsof theform
t

D;Q C- DD;QQ C
Thesecanbe dealtwith asabove but in this caseno T,? is needed. U]

Corollary 3.13(Full abstraction) For all termsP Q of HOp:
G P °Q if andonly if G P Q

Proof. Follows from Corollary3.8,Lemma2.2,andthe previoustheorem. L]

4. Concluding remarks

We have re-examinedthe useof labelledtransitionsto characterise€ontetual equvalencein the
higherorderp calculus.Thetechniqueof augmentinghe coresyntaxwith extra operatorgo assist
in thede nition of thelabelledtransitionsallows useto give a directproof of soundnessf bisimi-
larity for contextual equivalence.This advancesSangiogi's analagousesultby allowing recursve
typesalso.

We believe thatthetechniqueof usingextra operatorgo describehe pointsof interactionwith
theernvironmentin thelts is fairly robustandshouldbe applicableto mary higherorderlanguages.
Indeed this wasthe approactthatthe authorsdevelopedfor their work on concurrenbbjectg[8].

Wehave only concerneaurselheswith thecharacterisationf contextual equivalencein HOp and
sofar have not studiedSangiogi's translationof higherorderto rst-order mobility. Thus,there-
strictionto nite typesfor his translationis still necessarylt would be interestingto investigate
whetherthe currentwork couldbe of usein removing thistyperestrictionfor his translatioralso.
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Appendix A. Proof of The Context Lemma

We recallthe statemenbf Lemma2.2 anddetailits proof here.
G P Q ifandonlyif G P ,Q

Theforce of this lemmais to shav thatthe simpli ed form of obserationaltestingallowvedby |
is sufcient to captureghepower of full contextualtesting.In orderto prove thiswe essentiallyneed
to shav that | is presered by the operatorsof HOp. For the mostpart, this canbe donedirectly
andis statedn LemmaA.1 below.
LemmaA.l.

() EDx:T P pQandD v:TthenD x:TPv , x:TQw.

2 IfDx:T P pQandD a: T thenD ax:TP pax:TQ.

3D P ,QD w:TandD a: T thenD awP pawQ.

(4) If D Py leandD P, szthenD vV W P, P, p V W Ql Qz.

G)1fDa:T P ,QthenD na:T P pna:T Q.
6)IfD P, pQrandD P, pQxthenD P. P pQ1 Qo
(7)fD P ,QthenD P , Q.
Proof. The majority of theseare straightforvard by exhibiting appropriatesymmetric,reduction-

closed, -contetual, barb-preservingelations. As an exampleof this we shav the casefor input
pre xing (Case2). Wede ne R sothat , R andmorewer

D ax:TP RRax:TQ RforasyD R T

It is clearthat R is symmetric,barb-preservingand -contetual so if we canshav that it is
reduction-closethenwe mayconcludethatR coincideswith |, andwe have ourresullt.
Supposehat T holdsand

ax:TP R- P
We know thenthateitherR— R andP ax:T P R or the reductioncameaboutby in-
teraction,thatisR nD avR R witha D andbywriting R for R R we have

P nD Pvx R forsomeDD vandDD R. If theformeris truethenwe seeim-
mediatelythat

ax:TQ R- ax:TQ R
where
D ax:TP RRax:TQ R

If insteadthelatteris truethenwe usethefactthat
Dx:T P ,Q
toseethatDD Pv x Qv x andnotethat
ax:TQ R- nD Qvx R
where(using -contetuality andCaseb)
D nD Pvx R ,nD Qvx R
asrequired. L]
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Noticethattherearetwo particularcasesvhich arenot caveredby this lemma:applicationof

afunctionto, andoutputof higherorder ,-relatedvalues(c.f. Corollary A.11). Establishinghat

p is preseredin thesecasesanbe donedirectly but is alittle moreinvolved. We noticethatthe
propertywe requirein bothcasedollows immediatelyfrom Substitutivity(cf. CorollaryA.10), that
is (ignoringtypes):

ifP pQthenR xPy pR xQy

Theremaindeiof theappendixs devotedto achieving this. Theprooffollows avery similarscheme
to the proof of Proposition4.2.6in [10] but simpli ed to avoid ary useof inductionon type as
appearedhere.

LemmaA2. IfD x:TP wthenD x:TPw pPwX.
In thefollowing we will malke useof a“bisimulationupto” agument[12].

De nition A.3. A type-indeedrelationR is reduction-closedpto p wheneerD PR Q
andP - P impliesthereexistssomeQ suchthatQ QandD PR ,Q.
LemmaA.4. Forary type-indeedrelationR whichis symmetric reduction-closedpto P

-contextual andbarb-preservingR p-
De nition A.5. We saythatx is (un)guardedn P wheneer:

(1) if x Pthenxis (un)guardedn P,

(2) if x wthenxisunguardedn x w,

(3) if v xthenxisguardednv w,

(4) xisguardednvy:T P,vwP,and v w P Q,and

(5) if xis (un)guardedn P andQ thenxis (un)guardednna:T P ,P Qand P.
LemmaA.6. ForaryDy: T Rwith yguardedn Randforary D v:T andD w:T ,
fRvy - RthenR R vy forsomeR andmoreowwe, RWYy - R wy.

Proof. We rst obsere thatasD v: T it mustbe the casethatv is an abstractiorand not
achannelname.Fromthisit is routineto checkthatthe requiredpropertyholdsfor the reduction
axioms.Furthermoreif y is guardedn E P theny is guardedn P andsotherequiredpropertyis
preseredby reductionin evaluationcontexts. O

LemmaA.7. Forary P andx wecan nd Q andy suchthatx is guardedn Q, y is unguardedn Q
andP Qxy.
Proof. A routineinductionon P. []

Lemma A.8 (UnguardedSubstitutvity). If Dx: T P ,QandDy:T R andy is un-
guardedn RthenD R x:TPy R Xx:TQy.

Proof We proceedy inductiononthestructureof R. If y  Rthentheresultisimmediate.If Ris
notof theformv w, theresultfollows easilyby inductionby makinguseof LemmaA.1. Otherwise,
sincey is unguardedn R we musthave thatRis of theformy wwithy w. Hence:

D RX:TPy x:TPw (asR y wandy w)
p PwX (by LemmaA.2)
p Qw X (by hypothesis)

p X:TQw (byLemmaA.2)
Rx:TPy (asR ywandy w)

asrequired. ]
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Lemma A.9 (GuardedSubstitutvity). If Dx: T P ,QandDy:T R andy is guarded
inRthenD R x:TPy pRXx:TQy.

Proof LetR bede nedas

D R X:TPYRR x:TQywhenwerDy: T R andyis guardedn R
We shav thatR is symmetric,reduction-closedip to p » -contetual, andbarb-preserving
andso the resultfollows by LemmaA.4. Symmetry -contetuality, and barb-preseition are
direct. For reduction-closureip to p Wesuppose:

R x:TPy- R
By LemmaA.6 wehavethatR R x:T P y andmorewer:
R x:TQy- R x:TQy

We useLemmaA.7 to nd aR andzsuchthaty is guardedin R , zis unguardedn R and
R R zy.Hence:

R R x:TPy (from above)
R x:TPy x:TPz (fromabore)
R R x:TQy x:TPz (fromde nition of R andyguardednR x:T P z)
p R x:TQy x:TQz (fromLemmaA.8andzunguardednR x:T Qy)
R x:TQy (from above)
asrequired. ]
Corollary A.10. IfDx:T P ,QandDy:T RthenD R x:TPy p,Rx:TQYy.
Proof Followsfrom LemmasA.7, A.8 andA.9. []

Corollary A.11.

(1) EDx:T P pQandD v:T thenD v x:TP pv x:TQ.

@I1bx:T P ,QD a: T andD RthenD a x:TPR p,a x:T QR
Proof. Follows from CorollaryA.10. ]

Proof of Lemma 2.2: The “only if' directionis immediate. For the corverseit is sufcient to
shav that , is presered by eachprocessoperatorof HOp asdemonstratethy LemmaA.1 and
CorollaryA.11. L]

Appendix B. Mergeis a partial function

Proof of Proposition 3.3: Weconsidettherewriting relation  whichwewill de ne astheone-step
rewriting usedto de ne themeige operation:
C if C doesnt contain k v forarny k v
na:T k v C na:T Cvty iftg v
It is easyto seethat is a terminatingrewriting relation. Moreover, the rewriting will terminate

witha fromC (sothat C isde ned)exactlywhen C isagyclic. To seethiswe consideithe
effectof  onreferencegraphs:for

k v C Cv tyg
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thereferencegraphof k v C hasthenodek remosedandary edgessuchthat
Ik

forl | k, arereplacedvith anedge
I

all otheredgesnvolving k areremoved. Soif nodek is involvedin acycle beforerewriting occurs,
thatis

I k |1
for somel, theneitherit is atightloop, thatis| kandk k,orl kandthecyclestill exist after
rewriting asl |. Theside-conditioron the rewrite rule forbidstight loopshencewe seethat

preserescyclicity. Thatis:
ifC C then C isagclicif andonlyif C isagyclic.
Now, supposehat C isde ned. We know thatthereexistsa nite sequence
C C Cn
with C  C,. Weknowthat C, isagyclic asit containsmnoedgesThus, C isagyclic also.
Corversely supposghat C isagyclic. Thenas isterminatingtheremustbea nite sequence
C C Cn

suchthatC, cannotbe rewritten. Therearetwo possibilitiesfor this: either C,, containsatight
loop,orC,is . Weseethat C isagyclic, soC, is agyclic too andthereforecannotcontaina
tightloop. ThusC,is and C isde ned.

Toshaw that isawell-de nedpartialfunctionit sufces to shav thatit is stronglycon uent
for agyclic terms. Notethatif na: T C C theneitherC is orC na:T C suchthat
C C . Sowithoutlossof generalitysupposehat

C G and CcC G
for
C C k v and C G k w
sothat
C1 Civity and C GCyw ty,
Soeitherk; kyinwhichcaseC; Cyork; |, and
Cl C3 k2 V2 and C2 C3 k]_ V]_
We noticethat
Ci Cl Vi ty,
C3 k2 Vo V1 tkl
Cyvy ty ke vovi ty

agyclicity impliesty, Vo vy ty, Civy tiy Vovp ty, ti,

Cavivovy tyy ty, tk, Vovi tyg ti,
agyclicity Cyvivo ty, t, Vovp ty ty,
def Cs

By asymmetricagumentwe seethatC,  Cyvo vp ty, ty, Vi Vo ty, ty, and,byde nition, this
is justCz sowehave C,  Cs. Thus s stronglycon uent for agyclic termsandhence is
well-de ned. L]
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