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Abstra ct . Thehigher­orderp­calculusis anextensionof thep­calculusto allow communicationof
abstractionsof processesratherthannamesalone.It hasbeenstudiedintensively by Sangiorgi in his
thesiswherea characterisationof a contextual equivalencefor higher­orderp­calculusis provided
usinglabelledtransitionsystemsandnormalbisimulations.Unfortunatelytheproof techniqueused
thererequiresa restrictionof thelanguageto only allow �nite types.

We revisit this calculusandoffer analternative presentationof thelabelledtransitionsystemand
a novel proof techniquewhich allows us to provide a fully abstractcharacterisationof contextual
equivalenceusing labelledtransitionsandbisimulationsfor higher­orderp­calculuswith recursive
typesalso.

1. Intr oduction

It is evident that thereis growing interestin the studyof mobile codein processlanguages[3, 1,
9, 15]. It is alsoclearthat thereis somerelationshipbetweentheuseof higher-orderfeaturesand
mobility. Indeed,codemobility canbe expressedascommunicationof processabstractions.For
this reasonthenit is importantfor us to develop a clearunderstandingof the useof higher-order
featuresin processlanguages.

Work towardsthis beganseveralyearsagowith variousproposalsfor higher-orderversionsof
known calculi [14, 4], includingthehigher-orderp-calculusor HOp [10]. Thiscalculuswasstudied
intensively by Sangiorgi andoneof his achievementswasto provide a translationof the higher-
orderlanguagewhich supportscodemobility, to a �rst-order p-calculuswhich supportsonly name
mobility. This translationis provedto befully abstractwith respectto barbedcongruence,but with
therestrictionto a languageof �nite types.

While thetranslationis of interestin its own right, it alsoturnedout to bevery usefulfor pro-
viding apowerful fully abstractcharacterisationof barbedcongruencein termsof labelledtransition
systemsandnormalbisimulations.Providing direct proof techniquesfor contextual equivalences
in higher-orderprocesslanguagesis oftenconsideredto be hard[13]. In this paper, thedif�culty
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2 A. JEFFREYAND J.RATHKE

arisesin establishingsoundnessof theproof technique,which is tantamountto establishingsome
sortof contextuality property. It hasbeenseenthattheuseof a translationof higher- to �rst-order
communicationcanalleviate this problemandsuchtranslationshave beenemployed to this effect
[11, 7].

However, due to the restrictionto �nite typesfor the correctnessof thesetranslations,the
soundnessof theproof techniqueis only guaranteedfor �nite types.Giventhatrecursive typesare
usedextensively in p-calculus,for encodingsof datatypesandfunctions,this posesa signi�cant
restriction.Sangiorgi hasshown thatby studyingvarioussubcalculi,suchastheasynchronousp-
calculus,heis ableto remove therestrictionto �nite types[13]. To date,therehasbeenno proofof
full abstractionfor full HOp in thepresenceof recursive types.

In this paperwe presentan alternative descriptionof labelledtransitionsystemsandnormal
bisimulationsfor HOp, which is informedby Sangiorgi's translationof higher-order to �rst-order
communication. Our alternative presentationallows a direct proof of soundnessfor contextual
equivalencewhich makesno useof thetranslationto �rst-order p-calculusand,moreimportantly,
makesnorestrictionon types.

The innovation herelies in the introductionof operatorst k and
�

k � v� which simulatethe
triggersTrk and meta-notation� k : � v � of Sangiorgi [11] wherek is a uniqueidenti�er for the
triggerandv is aprocessabstraction.Thecrucialdifferenceis thatwhereSangiorgi givesde�nitions
asHOp termsfor thesedevices:

Trk ��� x� k
�

x� and � k : � v �	��
 k � x� v � x

wherek
�

x� representsanoutputon namek and 
 k � x� P representsa replicatedinput on namek, we
leave theoperatorsuninterpreted.Thereareno interactionsbetweentheoperatorst k and

�

k � v� .
Rather, we just mimic the behaviour of triggersin the labelledtransitionsystems.The bene�t of
doing this is that it allows us to obtaina direct soundnessproof that (normal)bisimilarity implies
contextual equivalencewithout recourseto any translationin its correctnessproof.

A challengeof approachingthe problemin this way is that it is not immediatelyclear that
bisimilarity will be completefor contextual equivalencein HOp. That is to say, it is not obvious
whethereachtransitionhasagenuineHOp context whichvalidatesit. At thispointhoweverwecan
interprettheoperatorst k and

�

k � v� asHOp termsexactly asSangiorgi does.It is thena simple
matterto demonstratecompletenessfollowing familiar techniques[3, 7, 5]. Therealpayoff is that
not only do we obtaina direct soundnessproof but the postponementof interpretingthe triggers
allows usto �nesseany restrictionsto �nite types.

The remainderof the paperis organisedas follows: in Section2 we recall the syntaxand
semanticsof HOp alongwith thede�nition of contextual equivalencewhichwewill beusing.This
is followedin Section3 by apresentationof thenovel labelledtransitionsystemusingtheoperators
t k and

�

k � v� . Weprovethatbisimilarity overthislabelledtransitionsystemis soundfor contextual
equivalencein Section4 andconversely, thatit is completefor contextualequivalencein Section5.
Weconcludein Section6 with someclosingremarks.

2. Higher-order p calculus

Exceptfor smallchangesin notationthelanguageis ascanbefoundin [13] with threemaindiffer-
ences:

(1) We assumetwo distinct countablyin�nite setsof identi�ers, V andN , for variablesand
channelnamesrespectively. In generalwe will usex 
 y
 z to rangeover variablesanda 
 b 
 c
to rangeoverchannelnames.Thisvariable/namedistinctionmakesthealgebraicproperties
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T 
 U :: � ValueTypes
� Unit type

����� T � Channeltype
T ��� Abstractiontype
Z Typevariable

	�


� Z � T Recursive type

P
 Q :: � Terms
v � w Application
v � x : T � P Input
v

�

w� P Output

 �

v � w �

�


�� P 
�� ��
 Q Matching
n � a : T ��� � P� Namecreation
P � Q Concurrency


 P Repetition
0 Termination

v
 w :: � Values
� Unit value
a Channelname
x Variable

� x : T � P Abstractions

Figure1: TheSyntax

of thelanguagealittle cleanerandwearecon�dent thatthetechniquesproposedherewould
alsobeapplicableif we identi�ed thesesets.

(2) Sincewe have adopteda variable/namedistinction,we have usedHondaand Yoshida's
de�nition of observationalequivalence[6] in Section2.4 ratherthanSangiorgi's. See[2]
for adiscussionof this issue.

(3) We allow communicationof channelnamesaswell asprocessabstractionssothat thereis
acorep-calculusasadirectsubcalculusof HOp.

2.1. Syntax

Wepresentthesyntaxof HOp in Figure1. Thegrammarof typesfor valuesincludes:
�

� � � : asingletontypejust containingthevalue � � � .
�

����� T � : thetypeof channelswhichcanbeusedfor communicatingdataof typeT. Notethat
in thispaperwe arenotconsideringinput-onlyor output-onlychannels.

� T ��� : thetypeof anabstraction� x : T � P. Suchanabstractioncanbeappliedto a valuev
of typeT to returnawell-typedprocessP � v� x� .
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� Z and 	�


� Z � T: theseallow recursive types,suchasthe type for monomorphicp-calculus
channels	�


� Z �

��� � Z � . We requireZ to be guarded: any freeoccurrenceof Z lies within a
subexpressionof T of theform ��� � U � orU � � .

Thegrammarof processtermsincludes:
� v � w: theapplicationof abstractionv to argumentw. Duringexecution,v will beinstantiated

by anabstractionof theform � x : T � P, andb-reductionwill give theprocessP � w� x� .
� v � x : T � P andv

�

w� P, whicharethestandardsynchronousinputandoutputof thep-calculus,
exceptthatsinceabstractionsare�rst-classvalues,we cancommunicatehigher-orderdata
aswell as�rst-order data.

�


 �

v � w �

�


�� P 
�� ��
 Q: anequalityteston values,wherethetypesystemwill ensurethatv
andw arechannels,andsowe will never compareabstractionsfor syntacticidentity.

� n � a : T � � � P� , P � Q, 
 P and0: the standardp-calculusprocessesfor channelgeneration,
concurrency, replicationandtermination.

Thegrammarof valuesincludes:
�

� � � : theonly valueof type � � � .
� a andx: channelnamesandvariablesrespectively.
�

� x : T � P: anabstraction,whichcanbeappliedto avaluev to returnaprocessP � v� x� . Since
abstractionsareconsidered�rst-class values,they canbe communicatedon channels,or
passedasargumentsto otherabstractions.This featuregivesHOp its higher-orderpower.

2.2. Reductionsemantics

The reductionsemanticsfor the languageis de�ned in a standardmanner:we �rst introducethe
evaluationcontexts

E :: �

�

� �

�

E � P
�

na � E
Structuralequivalence,� is de�ned to betheleastcongruencewith respectto E contexts suchthat
it makes � � 
 0� into acommutative monoidandmoreover satis�es

na � � P � Q��� na � P � Q if a �

�

�

�

� P�


 P � 
 P � P

We will now considerprocessesup to structuralequivalencethroughouttheremainder. We de�ne

the reductionrelation � as the leastprecongruencewith respectto E contexts suchthat the
following axiomshold

� comm� a
�

v� P � a � x� Q � P � � x� Q � v

� b � redn� � x� P � v � P � v� x�

� cond—tt�


 �

a � a �

�


�� P 
�� ��
 Q � P

� cond—ff �


 �

a � b �

�


�� P 
�� ��
 Q � Q � a �� b�

In astandardnotationwewrite � ��� to denotethere�exive, transitive closureof � .
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G � � : �

G� v� � T
G � v : T

G
 x : T � P
G � � x : T � P : T � �

G � v : T T � iso U
G � v : U

G � v : ����� T � 
 w : ��� � T �

G � P G � Q
G �


 �

v � w �

�


�� P 
�� ��
 Q
G
 a : T � P

G � n � a : T � � � P�

G � P
 Q
G � P � Q 
 
 P
 0

G � v : T � � G � w : T
G � v � w

G
 x : T � P G � v : ��� � T �

G � v � x : T � P
G � P G � w : T G � v : ����� T �

G � v
�

w� P

Figure2: TheTypingRules

2.3. Typesystem

We introducea simpletype systemfor the languagewhich comprisestypesfor channelsandab-
stractions,togetherwith recursive types.To allow usto infer recursive typesfor termswemakeuse
of typeisomorphism.Wede�ne thisby letting � iso betheleastcongruenceontypeswhich includes

	�


� Z � T � iso T �

	�


� Z � T � Z �

A type environmentG is a �nite setof mappingsfrom identi�ers (channelnamesor variables)to
typeswith therestrictionthatchannelnamesa mustbemappedto channeltypesof theform ��� � T � .
We write G
 n : T to representtheenvironmentmadeup of thedisjoint unionof Gandthemapping
n to T. We will call anenvironmentclosedif it containsmappingsof channelnamesonly andwill
write D to indicatethis. Typeinferencerulesfor thecalculusaregiven in Figure2. We will call a
well-typedprocess,P, closedif it canbetypedasD � P for someclosedD. It is easilyshown that
subjectreductionholdsfor closedtermsfor thereductionrelationandtypeinferencesystemgiven.

2.4. Contextual equivalence

Wewill now de�ne anappropriatenotionof behavioural equivalencebasedon contexts andbarbs.
Contexts are de�ned by extendingthe syntaxof processesby allowing typed holes �

� G � in
terms.Thetypeinferencesystemis extendedto contexts by usingtherule

G
 G���

�

� G �

We write C �

� to denotecontexts with at mostonehole andC � P� for the term which resultsfrom
substitutingP into thehole.

For any givenchannelnamea suchthatD � a : �����

� � we write D
�

� P � a if thereexistssome

P
�


 P
� �

suchthatP � ��� nD
�

� � a
�

� � P
� �

� P
�

� with a �

� D
�

.
Weusetype-indexedfamiliesof relations� RD � betweenclosedprocesstermsto describeequiv-

alence.Wewill write R to referto thewholefamily of relationsand

D
�

� P R Q
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to indicatethat P andQ arewell-typedwith respectto D andrelatedby RD. For generalprocess
termswede�ne theopenextensionR o of a typedrelationR as

D
 x1 : T1 
 � � � 
 xn : Tn
�

� P Ro Q

holdsif for everyD
�

disjoint from Dandeveryvi suchthatD
 D
�

� vi : Ti (for 1 � i � n) wehave

D
 D�

�

� P � v1 
 � � � 
 vn � x1 
 � � � 
 xn � R Q � v1 
 � � � 
 vn � x1 
 � � � 
 xn �

Notethat,in general,for closedtermsD
�

� PR Q is notequivalentto D
�

� PR o Q asRo enjoys the
weakeningpropertythatD
 D

�

�

� P Ro Q whenever D
�

� P Ro Q, evenwhenR doesnot. However,
thecontextualequivalencewhichwestudyin thispaperisde�nedasanopenextensionandtherefore
will satisfythisweakening.

Thereareanumberof propertiesof type-indexedrelationsthatwemustde�ne:

Symmetry:: A type-indexedrelationR is symmetricwheneverD
�

� PR QimpliesD
�

� QR P.

Reductionclosure:: A type-indexedrelationR is reduction-closedwheneverD
�

� PR Q and

P � P
�

impliesthereexistssomeQ
�

suchthatQ � ��� Q
�

andD
�

� P
�

R Q
�

.

Contextuality:: A type-indexedrelationR is contextualwheneverG
�

�

� PRo QandG � C �

� G�

�

impliesG
�

� C � P� Ro C � Q� .

Barb preservation:: A type-indexedrelationR isbarb-preservingif D
�

� PR QandD
�

� P � a
impliesD

�

� Q � a.

De�nition 2.1 (Contextual equivalence). Let �

�

be theopenextensionof the largesttype-indexed
relationwhich is symmetric,reduction-closed,contextual andbarb-preserving. �

For technicalconvenienceit will be useful to work with a lighter de�nition of contextuality.
WesaythatarelationR is � -contextual if it is preservedby all contextsof theform �

� G � � Randwe
let �

� p denotetheopenextensionof the largesttypedrelationover processeswhich is symmetric,
� -contextual, reduction-closedandbarb-preserving.The following lemmademonstratesthat this
lighterde�nition is suf�cient.

Lemma 2.2(Context lemma). G
�

� P �

�

Q if andonly if G
�

� P �

� p Q

Proof. In AppendixA.

3. Full abstraction

In thissection,we will presenta bisimulationequivalencefor HOp, andshow thatthis equivalence
is fully abstractfor contextual equivalence.

3.1. Labelled transitions

We will usea labelledtransitionsystemto characterize�

�

over higher-orderp-calculusterms.The
style of the labelledtransitionsystemdiffers a little from previous transitionsystemsofferedfor
HOp. Most notably, the nodesof the transitionsystemaredescribedusingan augmentedsyntax
ratherthan processtermsalone. Speci�cally, for eachk drawn from a countableset of names
disjoint from N andV , we introducetwo new operators:

t k and
�

k � v�
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with theintuitive readingthatt k is anindirectreferenceto anabstractionand
�

k � v� storestheab-
stractionto whichk referssothataccessto v is providedthroughinteractionwith k. Theaugmented
syntaxfor nodesis giventhegrammarof con�gurationsC obtainedby extendingFigure1 with:

v :: � � � � (asFigure1) � � �

�

t k

C :: � P
� �

k � v�

�

na : T � � C �

�

C � C

We imposea syntacticrestrictionon the augmentedsyntaxso that in any con�gurationC for any
given k then

�

k � v� appearsat mostoncein C. Structuralequivalenceandreductionlift to C in
theobviousmanner— notethat thereareno reductionrulesgivenfor t k and

�

k � v� though.We
augmentthetyperulesby consideringjudgementsof theform

G; Q � v : T and G; Q � C

whereQ representsa setof mappingsfrom referencenamesto typesT. Therulesin Figure2 are
easilydecoratedwith theextraQ environment.Thefurtherrulesrequiredaregivenby

Q � k � � T
G; Q � t k : T � �

Q � k � � T G; Q � v : T ���

G; Q �

�

k � v�

Nodesof our labelledtransitionsystemthenarewell-typedclosedtermsof theaugmentedlanguage
of theform

� D; Q � C �

Thetransitionsareof the form � D; Q � C �

a
� � D; Q � C � or � D; Q � C �

t
� � D; Q � C � where

visible labelsa aregivenby thegrammar:

a :: � na � a
�

nk � d
�

t k � !
�

nk � d
�

t k � ?
�

d
�

v� ?
�

d
�

v� !

wherewrite d to meaneitherachannelnamea or anindirectreferencenamek. Thetransitionsare
presentedin Figures3,4,5.Theintuition for thesetransitionsis (eliding typesfor readability):

� P
a � v� ?

� P
�

: indicatesthatP is preparedto inputa valuev on channela andthenperformas
P

�

. Thetypesystemenforcesthatv is a �rst-order value,andnot anabstraction.Moreover,
in this caseboth a and v are pre-existing values,and were not generatedfresh for this
transition.

� P
k � v� ?

� P
�

: indicatesthatP hasprovidedanamedabstractionreferencek to theenvironment,
andthattheenvironmentis calling theabstractionwith pre-existing argumentv.

� P
nb� a � b� ?

� P
�

: indicatesthatP is preparedto input a freshchannelb on channela andthen

performasP
�

. This is thesameasP
a � b� ?

� P
�

, exceptthatb is now afreshchannelgenerated
by theenvironment,andhasnotbeenseenbeforeby theprocess.

� P
nb� k � b� ?

� P
�

: indicatesthatP hasprovideda namedabstractionreferencek to theenviron-
ment,andthattheenvironmentis calling theabstractionwith freshargumentb.

� P
nl � a � t l � ?

� P
�

: indicatesthat P is preparedto input an abstractionl on channela andthen
performasP

�

. In this case,we do not recordtheabstractionitself in the label,but instead
we justgeneratea freshreferencel to theabstraction.

� P
nl � k � t l � ?

� P
�

: indicatesthatP hasprovideda namedabstractionreferencek to theenviron-
ment,andthat theenvironmentis calling thatabstractionwith argumentl . In this case,k
mustbe a higher-orderabstraction,so is expectingan abstractionasan argument.Rather
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thanrecordingtheabstractionitself in the label,we insteadgeneratea freshreferencel to
theabstraction.

� Eachof theaboveinputtransitionshasadualoutputtransition,wheretheroleof theprocess
andenvironmentareexchanged.

We write Åa to denotethecomplementof anactiona, which is de�ned to be theactiona with the

input/outputannotationinversed.Wewill oftenwrite � ��� to meanthere�exive transitive closure

of
t

� and � �

a
� to mean � � �

a
� � � � . The following propositionstatesthat the labelled

transitionsystemis well-de�ned in the sensethat the transitionrelation only relateswell-typed
terms.

Proposition 3.1. If D ; Q � C and � D ; Q � C �

a
� � D
 D

�

; Q 
 Q
�

� C
�

� thenD
 D
�

; Q 
 Q
�

� C
�

is a
valid typing judgement.

Proof. Straightforward induction.

3.2. Bisimilarity

Weuseastandardde�nition of (weak)bisimilarity to provide ourcharacterisationof �

�

for HOp:

De�nition 3.2. Wecall a symmetricrelation,R , betweennodesof thelabelledtransitionsystema
bisimulationif whenever � n 
 m�

� R wehave

� n
t

� n
�

impliesthereexistssomem
�

suchthatm � � � m
�

and � n
�


 m
�

�

� R
� n

a
� n

�

impliesthereexistssomem
�

suchthatm � �

a
� m

�

and � n
�


 m
�

�

� R
Let bisimulationequivalence,or bisimilarity, � bethelargestbisimulationrelation. �

Wewill write
D; Q

�

� C � D
to meanthatD ; Q � C andD; Q � D arevalid typing judgementsandmoreover, they arerelated
by � asnodesof thelts. In orderto provide abisimulationcharacterisationof �

�

over HOp wewill
considerasubrelationof � by restrictingourattentionto nodesof theform

� D; � P�

whosetermsareclearlyde�nablein HOp. Wewill simply write (whenQ is empty)

D
�

� P � Q

to indicatebisimilarity betweensuchtermsof HOp consideredasnodesof the labelledtransition
system.

3.3. Soundnessof bisimilarity for contextualequivalence

We needto demonstratethat bisimilarity implies contextual equivalencefor all HOp processes.
In particular, becauseof Lemma2.2, we needonly show that bisimilarity is containedin some
symmetric,reduction-closed,barbpreservingand � -contextual relation. Thekey to achieving this
is to studythe � -context closureof bisimilarity. If we candemonstratethatthis is reduction-closed
thenwehaveourresult.To dothiswemustestablishadecompositiontheoremfor interactions.For
instance,if P andQ arebisimilarandwecomposeeachof themwith aprocessR thensuppose

P � R � S
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C � C�

� D; Q � C �

t
� � D; Q � C�

�

� D; Q � C �

a
� � D� ; Q� � C� �

� D; Q � C � D �

a
� � D� ; Q�

� C�

� D �

� D
 a : T ; Q � C �

a
� � D
 a : T 
 D� ; Q 
 Q�

� C�

� � a �

�

�

�

� a � �

� D; Q � na : T � C �

a
� � D
 D� ; Q 
 Q� � na : T � C� �

� D
 b : T ; Q � C �

d � b� !
� � D
 b : T ; Q � C� � � d �� b�

� D; Q � nb : T � C �

nb� d � b� !
� � D
 b : T ; Q � C�

�

� D
 b : T ; Q � C �

d � b� ?
� � D
 b : T ; Q � C� � � d �� b�

� D; Q � C �

nb� d � b� ?
� � D
 b : T ; Q � C�

�

Figure3: Structurallabelledtransitionrules

T � iso U ���

� D; Q � a � x : T � P�

nk � a � t k � ?
� � D; Q 
 k : U � � x : T � P � t k �

Q � k � � iso T ���

� D; Q �

�

k � v� �

nl � k � t l � ?
� � D; Q 
 l : T � v � t l �

�

k � v� �

D; Q � v : T � �

� D; Q � a
�

v� P�

nk � a � t k � !
� � D; Q 
 k : T �

�

k � v� � P�

Q � k � � iso T ���

� D; Q � t k � v�

nl � k � t l � !
� � D; Q 
 l : T �

�

l � v� �

Figure4: Basichigher-orderlabelledtransitionrules

D � v : T abasetype

� D; Q � a � x : T � P�

a � v� ?
� � D; Q � � x : T � P � v�

Q � k � � T D � w : T abasetype

� D; Q �

�

k � v� �

k � w� ?
� � D; Q � v � w �

�

k � v� �

D � v : T abasetype

� D; Q � a
�

v� P�

a � v� !
� � D; Q � P�

Q � k � � T T abasetype

� D; Q � t k � v�

k � v� !
� � D; Q � 0�

Figure5: Basic�rst-order labelledtransitionrules
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representsaninteractionbetweenP andR. Wedecomposethis into complementaryactions

P
a

� P� and R
Åa

� R�

respectively. Notehowever thatSis notnecessarilyobtainedby aparallelcompositionof thetargets
of thetransitions:P

�

� R
�

. Instead,P
�

andR
�

maycontainindirectreferencesandtheircorresponding
resources.Theseneedto bematchedup correctlyto obtainS. We achieve this by introducingthe
merge (partial)operator

� �

� � � which will matchup thesetermsandreplaceevery indirectreference
to anabstractionwith theabstractionitself. Wewrite

C � v� t k �

to denotethesubstitutionof thevaluev for every instanceof the indirect referencet k. We de�ne
� �

C � � thenastheoperatoron termsof theaugmentedsyntax(up to � ) suchthat
� �

C � � � C if C doesn't contain
�

k � v� for any k 
 v
� �

n �

�

a :
�

T � � �

�

k � v� � C � � � �

� �

n �

�

a :
�

T ��� � C � v� t k � � � � if t k �

� v

Intuitively, thissaysthatwesubstituteany valuesstoredata
�

k � v� throughfor thecorresponding
t k. Notethatthisneednotsubstitutefor all theindirectreferenceidenti�ers in C. It is clearthatthe
above de�nitions areonly partial. For example,if C containsanoccurrenceof

�

k � v� for which
t k occursin v, then

� �

C � � is unde�ned.In orderto identify for which termsthemergeis de�ned we
make useof thenotionof referencegraph: For a termC we de�ne thegraph 	��

� C � to bethegraph
whichhasnodesastheindirectreferenceidenti�ers k in C andedges

k �� l if t l
� v for

�

k � v� in C

Proposition3.3.
� �

� � � is awell-de�nedpartialfunctionsuchthat
� �

C � � is de�ned if andonly if 	��

� C �

is acyclic.

Proof. Givenin AppendixB.

Lemma 3.4(Composition/Decomposition). For D; Q � C 
 D

(i) If
� �

C � D � � � E and

� D; Q � C �

a
� � D
 D� ; Q 
 Q�

� C�

� and � D; Q � D �

Åa
� � D
 D� ; Q 
 Q�

� D �

�

thenthereexistsaE
�

suchthatE � � � E
�

and
� �

nD
�

� � C
�

� D
�

� � � � E
�

(ii) If
� �

C � � � E andC � C
�

thenthereexistsaE
�

suchthatE � E
�

and
� �

C
�

� � � E
�

(iii) If
� �

C � D � � � E andE � E
�

thenoneof thefollowing hold

C � C
�

with
� �

C
�

� D � � � E
�

or D � D
�

with
� �

C � D
�

� � � E
�

or � D; Q � C � � �

a
� � D
 D

�

; Q 
 Q
�

� C
�

� and � D; Q � D � � �

Åa
� � D
 D

�

; Q 
 Q
�

� D
�

� with
� �

nD
�

� � C
�

� D
�

� � � � E
�

.

Proof. Part (ii) is straightforward asthemerge operator
� �

� � simply removessubtermof the form
�

k � v� , which can't be involved in reductions,and substituteshigher-order valuesthroughfor
variablesof higher-ordertype. Reductionsarebasedon structurealoneexceptfor theconditionals
whichcanbeaffectedby �rst-order substitutionsof channelnamesonly.

To show (i) we mustconsiderall thepossiblecasesfor a. By symmetrytherearefour distinct
pairsof complementaryactions.Weonly considerthecaseswherea is nk � a

�

t k � ? andnl � k
�

t l � ?as
the�rst-order actionscanbetreatedsimilarly.
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Case: D; Q � C
nk � a � t k � ?

� D; Q 
 k : U � C
�

andD; Q � D
nk � a � t k � !

� D; Q 
 k : U � D
�

. By inspection
we seethat

– C � nD
�

� � a � x : T � P � C
� �

� with T � iso U � �

– C
�

� nD
�

� � � x : T � P � t k � C
� �

�

– D � nD
� �

� � a
�

v� Q � D
� �

�

– D
�

� nD
� �

� �

�

k � v� � Q � D
� �

�

It is easyto seethat
� �

C � D � � �

� �

nD
�


 D
� �

� � � x : T � P � v � C
� �

� Q � D
� �

� � � let uscall thetarget
of this reductionE

�

. Wesimplyneedto check

E
�

�

� �

nD
�


 D
� �

� � � x : T � P � v � C
� �

� Q � D
� �

� � �

� t k �

� v� �

� �

nD
�

� � � x : T � P � t k � C
� �

� � nD
� �

� �

�

k � v� � Q � D
� �

� � �

�

� �

C
�

� D
�

� �

Case: D ; Q � C
nl � k � t l � ?

� D ; Q 
 l : T � C
�

andD ; Q � D
nl � k � t l � !

� D ; Q 
 l : T � D
�

. Again, by
inspectionweseethat

– C � nD
�

� �

�

k � v� � C
� �

�

– C
�

� nD
�

� � v � t l �

�

k � v� � C
� �

�

– D � nD
� �

� � t k � w � D
� �

�

– D
�

� nD
� �

� �

�

l � w� � D
� �

�

Note that thepreviouspropositiontells us that 	��

� C � D � mustbeacyclic — in particular,
t k �

� v. Herewe seethat
� �

C � D � ���

� �

nD
�


 D
� �

� �

�

k � v� � C
� �

� t k � w � D
� �

� � �

� t k �

� v� �

� �

nD
�


 D
� �

� �

�

k � v� � C
� �

� v � w � D
� �

� � �

� t l �

� v
 w
 C
� �


 D
� �

� �

� �

nD
�


 D
� �

� �

�

k � v� � C
� �

� v � t l �

�

l � w� � D
� �

� � �

�

� �

C
�

� D
�

� �

Soby lettingE
�

be
� �

C
�

� D
�

� � wenotethat
� �

C � D � � � � � E
�

asrequired.

To show (iii) we suppose
� �

C � D � � � E andthatE � E
�

. Wemustconsiderall possibleways
in which this reductioncanoccur. If thereductionarisesfrom a conditionalthenit is clearthatwe
musthaveC � C

�

or D � D
�

for someC
�

or D
�

. Moreover it is easyto checkthat
� �

C
�

� D � � (resp
� �

C � D
�

� � ) � E
�

. Therearetwo morepossibilitiesto consider:

Case: thereductionarisesfrom ab-reduction.In thiscaseeitherC � C
�

or D � D
�

asaboveand
theresultfollows easily, or v is � x : U � P and

– C � nD
�

� � t k � w � C
� �

� with all namesin D
�

appearingin w
– D � nD

� �

� �

�

k � v� � D
� �

� with t k �

� v
– E

�

�

� �

nD
�


 D
� �

� � P � w� x� � C
� �

�

�

k � v� � D
� �

� � �

or a symmetricversionof thesewith the rolesof C andD reversed.So we noticethat if
U � iso T � � , wehave

D; Q � C
nl � k � t l � !

� D; Q 
 l : T � C� and D; Q � D � � � �

nl � k � t l � ?
� D; Q 
 l : T � D �

whereC
�

� nD
�

� �

�

l � w� � C
� �

� andD
�

� nD
� �

� � P � t l � x� �

�

k � v� � D
� �

� . Wecheck:
� �

C
�

� D
�

� � �

� �

nD
�

� �

�

l � w� � C
� �

� � nD
� �

� � P � t k � x� � �

�

k � v� � D
� �

� �

� t l �

� v
 w
 C
� �


 D
� �

� �

� �

nD
�


 D
� �

� � C
� �

� P � w� x� �

�

k � v� � D
� �

� � �

� E
�
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asrequired.Alternatively, it couldbethatU is abasetype,in whichcase

D; Q � C
nD�

� k � w� !
� D
 D� ; Q � C� and D; Q � D � � � �

nD�

� k � w� ?
� D
 D� ; Q � D �

whereC
�

� C
� �

andD
�

� nD
� �

� � P � w� x���

�

k � v� � D
� �

� . It iseasytocheckthat
� �

C
�

� D
�

� ��� E
�

asrequired.

Case: thereductionarisesfrom communication.AgainweseethateitherC � C
�

or D � D
�

, in
whichcasewe easilyobtaintheresult,or

– C � nD
�

� � a
�

v� P � C
� �

�

– D � nD
� �

� � a � x : T � Q � D
� �

�

– E
�

�

� �

nD
�

� � P � C
� �

� � nD
� �

� � � x : T � Q � v � D
� �

� � �

or a symmetricversionof this with therolesof C andD reversed.Again we mustconsider
whetherthe typeT is a basetypeor higher-order. We omit thedetailsof the formercase.
SupposethenthatD; Q � v : T � iso U � � weknow

D; Q � C
nk � a � t k � !

� D; Q 
 k : U � C� and D; Q � D
nk � a � t k � ?

� D; Q 
 k : U � D �

whereC
�

� nD
�

� �

�

k � v� � P � C
� �

� andD
�

� nD
� �

� � � x : T � Q � t k � D
� �

� . Wecheck:
� �

C
�

� D
�

� � �

� �

nD
�

� �

�

k � v� � P � C
� �

� � nD
� �

� � � x : T � Q � t k � D
� �

� � �

� t k �

� v
 P
 C
� �


 D
� �

� �

� �

nD
�


 D
� �

� � P � C
� �

� � x : T � Q � v � D
� �

� � �

� E
�

asrequired.

De�nition 3.5. Let � m bede�ned to be

D; Q
�

�

� �

C1 � D � � � m
� �

C2 � D � � if andonly if D; Q
�

� C1 � C2 and D; Q � D

whenever
� �

C1 � D � � and
� �

C2 � D � � arede�ned. �

Notethatin thecasewhereQ is emptywehave that
� �

Ci � D � � � Ci � D, andhence� m and �

� p
coincide.

Lemma 3.6. � m is reduction-closed.

Proof. Followseasilyfrom thepreviouslemma.TakeD; Q
�

�

� �

C1 � D � � � m
� �

C2 � D � � andsuppose
� �

C1 � D � � � E. Wemustshow that
� �

C2 � D � � � E
�

for someE
�

suchthatD; Q
�

� E � m E
�

. We

know from Part (iii) of the previous lemmathat oneof threecasesmusthold. Either, C1 � C
�1,

D � D
�

or therearecomplementaryactionsfrom bothC1 andD. We only dealwith the lastcase
astheothersfollow easilyfrom thehypothesisthatD ; Q

�

� C1 � C2 andPart (ii) of theprevious
lemma.

Wehave thenthatD; Q � C1 �

a
� D
 D

�

; Q 
 Q
�

� C
�1 andD; Q � D �

Åa
� D
 D

�

; Q 
 Q
�

� D
�

such
thatE �

� �

C
�1 � D

�

� � . Weknow by hypothesisthattheremustexist some

D; Q � C2 � �

a
� D
 D� ; Q 
 Q�

� C�2

suchthat
D
 D� ; Q 
 Q�

�

� C�1 � C�2 � � †�

We cannow useParts(i) and(ii) of the previous lemmato seethat
� �

C2 � D � � � � � E
�

suchthat
E

�

�

� �

C
�2 � D

�

� � . Notethat � †� guaranteesD; Q
�

� E � m E
�

to �nish.
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Theorem3.7. For all closedtermsP
 Q of HOp:

D
�

� P � Q implies D
�

� P �

� p Q

Proof. We let � p denotetherelation

D
 D�

�

� � P � R� � p � Q � R� if f D
�

� P � Q andD
 D��� R

It is easyto seethat � p is a � -contextual relationover termsof HOp. It is alsoeasyto seethat � p
is symmetricandbarbpreservingandcoincideswith � m for closedtermsof HOp, thusLemma3.6
canbeinstantiatedto demonstratethat � p is reduction-closedand,giventhat �

� p is de�ned to bethe
largestsymmetric,� -contextual, reduction-closed,andbarb-preservingrelationover termsof HOp,
thenwehave our result.

Corollary 3.8(Soundness). For all termsP
 Q of HOp:

G
�

� P �

o Q implies G
�

� P �

�

Q

Proof. Follows from theprevioustheoremandLemma2.2.

3.4. Completenessof bisimilarity for contextualequivalence

The interactionsdescribedby the labelledtransitionsystemarenot obviously derived by genuine
contextual observationsin HOp becauseof the useof the extra syntaxfor indirect references.In
orderto show completenessof ourbisimilarity for contextualequivalencewemustdemonstratethat
the indirect referencesarein fact de�nable astermsof the languageproper. Following Sangiorgi
[13], we implementtheimplicit protocoloutlinedby theindirectreferencesby usingthefollowing
translationof theaugmentedtermsinto HOp:

� � k1 : T1 
 � � � 
 kn : Tn � � � k1 : ��� � T1 � 
 � � � 
 kn : ����� Tn �

� � G; Q � C� � � G


� � Q� � �

� � C� � Q
� � t k � � Q � � x : T � k

�

x� 0 if Q � k � � T
� �

�

k � v� � � Q � 
 k � � v� � Q

Thetranslationactshomomorphicallyonall otherterms.Weabusenotationhereby usingidenti�ers
k aschannelnamesin thetranslation.It is evident that this translationis well-de�ned in thesense
thatthetranslationof well-typedaugmentedtermsareindeedwell-typedtermsof HOp.

We would now like to prove a correspondencebetweenreductionsfrom the termsof theaug-
mentedsyntaxandreductionsbetweentheirtranslations.However, wenotethatin translatingaterm
containingboth

�

k � v� andt k we providematchinginputandoutputpre�xes,which, in HOp may
createa communicationwhich wasnot possiblein thesourceterm. This turnsout not to beof par-
ticular concernto us thoughaswe seethat if we startingwith termsof HOp, thentermsreachable
by transitionsarebalancedin the following sense:we call a termC of the augmentedlanguage
balancedif for eachk thenC containsat mostoneof t k (possiblemultiple times)or

�

k � v� . Un-
fortunatelythetranslationmay introduceextra reductionswhich aren't presentin thesourceterm.
Thesearisethroughthetranslationof termsof theform t k � v. Notethat

� � t k � v� � � � x : T � k
�

x� 0 �

� � v� �

t
� k

�

� � v� � � 0

but t k � v hasno correspondingreduction.We will identify theseroguereductionsashousekeeping

reductionsandindicatethemwith
�

� de�ned asany reductionwhich canbe derived usingthe
axiom

�

�

� redn� � x : T � k
�

x� 0 � v � k
�

v� 0
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Lemma 3.9. If D; Q � C is balancedthen

(1) If C � ��� C
�

then � � C� � Q � ���

� � C
�

� � Q

(2) If � � C� � Q � � � P then � � C� � Q � ���

� � D � � Q

�

�

�

P for someD; Q � D suchthatC � � � D.

Proof. Wewill omit mentionof theenvironmentQ in theproofasit playsnorole. Part1 is straight-
forward. For Part 2 we useinductionon the lengthof the reductions.If thereareno reductions

thenwe aredone.We examinethebasecasein which � � C� � � P. If this reductionhappensto bea

housekeepingmove, thatis, � � C� �

�

� P thenthereis nothingto prove. Supposeotherwise,thenit is

not toodif�cult to checkthatP �

� � D � � for someD suchthatC � D. For theinductive casesuppose
that

� � C� � � � � � P � †�

By inspectingthetranslation� �

� � � andusingthefactthatC is balancedweseethat

� � C� �

�

� � Q implies � � C� � �

�

� Q

thuswe mayassumethat the �rst reductionin � †� above is not of theform
�

� . This meansthat
� � C� � �

� � C
�

� � � � � P for someC
�

suchthatC � C
�

. It is clearthatC
�

is alsobalancedsowe may
applytheinductive hypothesisto

� � C�

� � � ��� P

to obtainaD suchthatC
�

� � � D
�

and � � C
�

� � � � �

� � D � �

�

�

�

P. Puttingthesetogetherweobtain

C � C�
� ��� D and � � C� � �

� � C�
� � � � �

� � D � �

�

�

�

P

asrequired.

WhenD
�

is of lengthatmostone,weshallwrite d
�

D
�

� asshorthand,de�ned:

d
�

/0� � d
�

� � d
�

a : T � � d
�

a�

Moreover, notethatwhenever � D; Q � D � � �

a
� � D
 D

�

; Q 
 Q
�

� D
�

� , we have thatD
�

hasat length
mostone,andsod

�

D
�

� is well-de�ned.

Proposition3.10. For eacha 
 Dandfreshchannelsd 
 d
�

of appropriatetypegivenby a andD, there
existsaprocessT D

a (de�ned in Figure6) in HOp suchthatif

D; Q � C
a

� D
 D� ; Q 
 Q�

� C�

then
D


� � Q 
 Q�

� � 
 d : ����� T0 � 
 d� : ��� �

� � � T D�

� �

Q� �

a

andmoreover, for balancedD

� D; Q � D � � �

a
� � D
 D� ; Q 
 Q��� D � �

if andonly if D; Q � D and

T D�

� �

Q� �

a �

� � D � � Q � ��� nD�
� � d

�

D�
� � P� with � � D �

� � Q � Q�

�

�

�

P�
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Proof. It is straightforwardto checkthatD


� � Q 
 Q
�

� � 
 d : ����� T0 � 
 d
�

: �����

� � � T D
a whenever

D; Q � C
a

� D
 D� ; Q 
 Q� � C� �

For theremainder, to show the`only if ' directionweuseLemma3.9Part1 to reduceourobligation

to thecaseof a singletransition
a

� , andwe mustconsidereachlabela. By way of examplewe
show thecasefor a � nl � k

�

t l � ! (theothercasescanbetreatedsimilarly). Suppose:

� D; Q � D �

a
� � D; Q 
 l : U � D � � �

thenweknow that
D � nD� � � � t k � v � D � � �

and
D � � nD� � � �

�

l � v� � D � � � �

Weseethatfor T � iso U � �

T D�

� �

Q� �

a �

� � D � � Q � k � x : T � � 
 l � y : U � x � y � � d
�

��� d
�

�

� � � � nD
� �

� � � � z: T � k
�

z� 0� �

� � v� � Q �

� � D
� �

� � Q �

� ��� � d
�

��� d
�

�

� � � nD
� �

� � 
 l � y : U �

� � v� � Q � y �

� � D
� �

� � Q �

� ��� d
�

� �

� � D
�

� � Q � l :U

asrequired.
For theconversedirectionwe supposethat

T D�

� �

Q� �

a �

� � D � � Q � ��� nD�
� � d

�

D�
� � P�

Again,we mustperforma caseanalysison a. Weshow thecasein which a is nl � k
�

t l � ? (theother

casescanbe treatedsimilarly). We know D
�

is emptyso T D�

� �

Q� �

a �

� � D � � Q � � � d
�

� � P. Note that
T D�

� �

Q� �

a hasno reductionsof its own andcanonly interactwith � � D � � Q sowe candetail theassumed
reductionsas

T D�

� �

Q� �

a �

� � D � � Q � ��� T D�

� �

Q� �

a � P0 � � d
�

��� d�

�

� � � P1 � � � d
�

� � P

where � � D � � � � � P0 andP1 � ��� P. WeassumedthatD is balancedsoLemma3.9Part2 appliedto
� � D � � � � � P0 tells usthat � � D � � � � �

� � D0 � � Q

�

�

�

P0 for someD0 suchthatD � � � D0. Weknow that
P0 is obtainedfrom � � D0 � � Q by housekeepingreductionsandthat it interactswith T D

a . This tells us
thatwemusthave theforms

P0 � nD� �
� � 
 k � � v� � Q � P�0 �

and
P1 � nD� �

� �

� � v� � Q �

� � t l � � Q � l :U � 
 k � � v� � Q � P�0 �

This in turn tellsusthat
D0 � nD� � � �

�

k � v� � D �0 �

suchthat � � D
�0 � � Q

�

�

�

P
�0. Now it is clearthat

� D; Q � D0 �

nl � k � t l � ?
� � D; Q 
 l : U � � D1 �
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T D
d � v� ? � d

�

v� � d
�

��� d
�

�

� �

T D
d � v� ! � d � x : T �


 �

x � v �

�


��

� d
�

��� d
�

�

� �


�� ��
 0 whereD� d � �

��� � T �

T D
nb� d � b� ? � nb : T � � d

�

b� � d
�

b� � d
�

�

� � � whereD� d � �

��� � T �

T D
nb� d � b� ! � d � x : T �


 �

x �

� D �

�


��

� d
�

x��� d
�

�

� �


�� ��
 0 whereD� d � �

��� � T �

T D
nk � d � t k � ? � d

�

� x : U � k
�

x� 0� � d
�

� � d
�

�

� � whereD� d � �

��� � T � andT � iso U � �

T D
nk � d � t k � ! � d � x : T � � 
 l � y : U � x � y �	� d

�

� � d
�

�

� � � whereD� d � �

��� � T � andT � iso U � �

� representsanencodingof internalchoicein HOp

 �

x �

� /0 �

�


�� P 
�� ��
 Q � P

 �

x �

�

� a : T 
 D� �

�


�� P 
�� ��
 Q �


 �

x � a �

�


�� Q 
�� ��



 �

x �

� D �

�


�� P 
�� ��
 Q

Figure6: Testingprocessesfor labelledtransitions

whereD1 � nD
� �

� � v � t l �

�

k � v� � D
�0 � . Wecheck

� � D1 � � Q � l :U � nD
� �

� �

� � v� � Q �

� � t l � � Q � l :U � 
 k � � v� � �

� � D
�0 � � Q �

�

�

�

nD
� �

� �

� � v� � Q �

� � t l � � Q � l :U � 
 k � � v� � � P
�0 �

� P1

� ��� P

Therefore� � D1 � � � � P andwecanapplyLemma3.9Part2 to this to seethat � � D1 � � � �

� � D
�

� �

�

�

�

P

for someD
�

suchthatD1 � � � D
�

. By collectingtheabove togetherweobtain

� D; Q � D � � ��� � D; Q � D0 �

a
� � D; Q 
 l : U � D1 � � � � � D; Q 
 l : U � D �

�

with � � D
�

� � Q � l :U

�

�

�

P asrequired.

Lemma 3.11(Extrusion). If D
�

� nD
�

� � d
�

D
�

� � P�

�

� p nD
�

� � d
�

D
�

� � Q� thenD
 D
�

�

� P �

� p Q.

Proof. Follows asimilarargumentfoundin [7]: de�ne a relationR suchthat

D
 D�

�

� P R Q iff D
�

� nD�

� � d
�

D�

� � P�

�

� p nD�

� � d
�

D�

� � Q�

andshow that R is barb-preserving,reduction-closedand � -contextual. Thesepropertiesfollow
from thecorrespondingpropertyfor �

� p andanextrapieceof context to interactwith d
�

D
�

� .

Theorem3.12(Completeness). For all closedtermsP
 Q of HOp:

D
�

� P �

� p Q implies D
�

� P � Q

Proof. Wede�ne R over termsof theaugmentedlanguageto be

D; Q
�

� C R D iff D


� � Q� �

�

�

� � C� � Q
�

� p
� � D � � Q

andshow thatR is abisimulation.TakeD; Q
�

� C R D andsupposethat

� D; Q � C �

a
� � D
 D� ; Q 
 Q� � C� � �

Weknow from Proposition3.10that

D


� � Q 
 Q� � � 
 d : ����� T0 � 
 d� : ��� �

� � � T D�

� �

Q� �

a

andthat
T D�

� �

Q� �

a �

� � C� � Q � ��� nD�

� � d
�

D�

� � P�
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with � � C
�

� � Q � Q�

�

�

�

P. Weknow that

D


� � Q� �

�

�

� � C� � Q
�

� p
� � D � � Q

by thede�nition of R , andhence,by contextuality wealsohave

D


� � Q 
 Q�

� � 
 d : ����� T0 � 
 d� : �����

� �

�

� T D�

� �

Q� �

a �

� � C� � Q
�

� p T D�

� �

Q� �

a �

� � D � � Q

This tellsusthat
T D�

� �

Q� �

a �

� � D � � Q � � � Q�

suchthat
D


� � Q 
 Q�

� �

�

� nD�

� � d
�

D�

� � P�

�

� p Q�

� � †�

But by theconstructionof T D�

� �

Q� �

a wenoticethatnD
�

� � d
�

D
�

� � P� barbsond but notond
�

. Therefore,
by thepreservationof barbspropertyof �

� p, weknow thatQ
�

mustalsobarbond but notond
�

. This

constrainsQ
�

sothatQ
�

� nD
�

� � d
�

D
�

� � Q� . WeapplyLemma3.9Part2 to T D�

� �

Q� �

a �

� � D � � Q � � � Q
�

to seethatthereis someD
� �

suchthatT D�

� �

Q� �

a �

� � D � � Q � �

� � D
� �

� � Q � Q�

�

�

�

nD
�

� � d
�

D
�

� � Q� from which

it clearlyfollows thatD
� �

� nD
�

� � d
�

D
�

� � D
�

� and � � D
�

� � Q � Q�

�

�

�

Q. WeuseProposition3.10againto
seethat

� D; Q � D � � �

a
� � D
 D� ; Q 
 Q�

� D �

�

andwe now mustshow thatD
 D
�

; Q 
 Q
�

�

� C
�

R D
�

. To do this we useLemma3.11on � †� (note
that Q

�

� nD
�

� � d
�

D
�

� � Q� ) to seethat D
 D
�




� � Q 
 Q
�

� �

�

� P �

� p Q. It is also easyto checkthat � -
reductionsarecon�uent with respectto all otherreductionsandhencepreserve contextual equiva-

lence,thatis
�

�

�

�

�

� p, sowealsohaveD
 D
�




� � Q 
 Q
�

� �

�

�

� � C
�

� � Q � Q�

�

� p
� � D

�

� � Q � Q�

because� � C
�

� � Q � Q�

�

�

�

P

and � � D
�

� � Q � Q�

�

�

�

Q. This allows usto concludeD
 D
�

; Q 
 Q
�

�

� C
�

R D
�

asrequired.
Wemustalsoconsidertransitionsof theform

� D; Q � C �

t
� � D
 D� ; Q 
 Q�

� C�
� �

Thesecanbedealtwith asabove but in thiscasenoT D
a is needed.

Corollary 3.13(Full abstraction). For all termsP
 Q of HOp:

G
�

� P �

o Q if andonly if G
�

� P �

�

Q

Proof. Follows from Corollary3.8,Lemma2.2,andtheprevioustheorem.

4. Concluding remarks

We have re-examinedthe useof labelledtransitionsto characterisecontextual equivalencein the
higher-orderp calculus.Thetechniqueof augmentingthecoresyntaxwith extraoperatorsto assist
in thede�nition of thelabelledtransitionsallows useto give a directproof of soundnessof bisimi-
larity for contextual equivalence.This advancesSangiorgi's analagousresultby allowing recursive
typesalso.

Webelieve thatthetechniqueof usingextraoperatorsto describethepointsof interactionwith
theenvironmentin thelts is fairly robustandshouldbeapplicableto many higher-orderlanguages.
Indeed,thiswastheapproachthattheauthorsdevelopedfor theirwork on concurrentobjects[8].

Wehaveonlyconcernedourselveswith thecharacterisationof contextualequivalencein HOp and
sofar have not studiedSangiorgi's translationof higher-orderto �rst-order mobility. Thus,there-
striction to �nite typesfor his translationis still necessary. It would be interestingto investigate
whetherthecurrentwork couldbeof usein removing this typerestrictionfor his translationalso.
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Appendix A. Proof of The Context Lemma

Werecallthestatementof Lemma2.2anddetail its proofhere.

G
�

� P �

�

Q if andonly if G
�

� P �

� p Q �

Theforceof this lemmais to show thatthesimpli�ed form of observationaltestingallowedby �

� p
is suf�cient to capturethepowerof full contextual testing.In orderto provethisweessentiallyneed
to show that �

� p is preservedby theoperatorsof HOp. For themostpart,this canbedonedirectly
andis statedin LemmaA.1 below.

Lemma A.1.

(1) If D
 x : T
�

� P �

� p Q andD � v : T thenD
�

��� x : T � P � v �

� p � x : T � Q � v.

(2) If D
 x : T
�

� P �

� p Q andD � a : ��� � T � thenD
�

� a � x : T � P �

� p a � x : T � Q.

(3) If D
�

� P �

� p Q, D � w : T andD � a : ��� � T � thenD
�

� a
�

w� P �

� p a
�

w� Q.

(4) If D
�

� P1 �

� p Q1 andD
�

� P2 �

� p Q2 thenD
�

�


 �

v � w �

�


�� P1

�� ��
 P2 �

� p

 �

v � w �

�


�� Q1

�� ��
 Q2.

(5) If D
 a : T
�

� P �

� p Q thenD
�

� n � a : T ��� � P�

�

� p n � a : T ��� � Q� .

(6) If D
�

� P1
�

� p Q1 andD
�

� P2
�

� p Q2 thenD
�

� P1 � P2
�

� p Q1 � Q2.

(7) If D
�

� P �

� p Q thenD
�

� 
 P �

� p 
 Q.

Proof. The majority of thesearestraightforward by exhibiting appropriatesymmetric,reduction-
closed, � -contextual, barb-preservingrelations.As anexampleof this we show thecasefor input
pre�xing (Case2). Wede�ne R sothat �

� p
� R andmoreover

D
�

� a � x : T � P � RR a � x : T � Q � Rfor any D � R � †�

It is clear that R is symmetric,barb-preservingand � -contextual so if we can show that it is
reduction-closedthenwe mayconcludethatR coincideswith �

� p andwehave our result.
Supposethat � †� holdsand

a � x : T � P � R � P� �

We know then that eitherR � R
�

and P
�

� a � x : T � P � R
�

or the reductioncameaboutby in-
teraction,that is R � nD

�

� � a
�

v� R
� �

� R
� � �

� with a �

� D
�

and by writing R
�

for R
� �

� R
� � �

we have
P

�

� nD
�

� � P � v� x� � R
�

� for someD
 D
�

� v andD
 D
�

� R
�

. If the former is true thenwe seeim-
mediatelythat

a � x : T � Q � R � a � x : T � Q � R�

where
D

�

� a � x : T � P � R� R a � x : T � Q � R�
�

If insteadthelatteris truethenwe usethefactthat

D
 x : T
�

� P �

� p Q

to seethatD
 D
�

�

� P � v� x�

�

� p Q � v� x� andnotethat

a � x : T � Q � R � nD�

� � Q � v� x� � R�

�

where(using � -contextuality andCase5)

D
�

� nD� � � P � v� x� � R� �

�

� p nD� � � Q � v� x� � R� �

asrequired.
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Noticethattherearetwo particularcaseswhich arenot coveredby this lemma:applicationof
a functionto, andoutputof higher-order �

� p-relatedvalues(c.f. CorollaryA.11). Establishingthat
�

� p is preserved in thesecasescanbedonedirectlybut is a little moreinvolved. We noticethatthe
propertywerequirein bothcasesfollows immediatelyfrom Substitutivity(cf. CorollaryA.10) , that
is (ignoringtypes):

if P �

� p Q thenR�

� x� P� y�

�

� p R�

� x� Q� y� �

Theremainderof theappendixis devotedto achieving this. Theproof followsaverysimilarscheme
to the proof of Proposition4.2.6 in [10] but simpli�ed to avoid any useof inductionon type as
appearedthere.

Lemma A.2. If D � � x : T � P � w thenD
�

� � x : T � P � w �

� p P � w� x� .

In thefollowing we will make useof a “bisimulationup to” argument[12].

De�nition A.3. A type-indexedrelationR is reduction-closedupto � � 


�

� p � wheneverD
�

� P R Q

andP � P
�

impliesthereexistssomeQ
�

suchthatQ � ��� Q
�

andD
�

� P
�

R �

� p Q
�

. �

Lemma A.4. For any type-indexedrelationR which is symmetric,reduction-closedupto � � 


�

� p � ,
� -contextual andbarb-preserving,R �

�

� p.

De�nition A.5. Wesaythatx is (un)guardedin P whenever:

(1) if x �

� P thenx is (un)guardedin P,

(2) if x �

� w thenx is unguardedin x � w,

(3) if v �� x thenx is guardedin v � w,

(4) x is guardedin v � y : T � P, v
�

w� P, and

 �

v � w �

�


�� P 
�� ��
 Q, and

(5) if x is (un)guardedin P andQ thenx is (un)guardedin n � a : T ��� � P� , P � Q and 
 P. �

LemmaA.6. Forany D
 y: T � � � Rwith yguardedin Randfor any D � v: T � � andD � w: T � � ,

if R� v� y� � R
�

thenR
�

� R
� �

� v� y� for someR
� �

andmoreover, R� w� y� � R
� �

� w� y� .

Proof. We �rst observe that asD � v : T � � it mustbe the casethat v is an abstractionandnot
a channelname.Fromthis it is routineto checkthat therequiredpropertyholdsfor thereduction
axioms.Furthermore,if y is guardedin E � P� theny is guardedin P andsotherequiredpropertyis
preservedby reductionin evaluationcontexts.

Lemma A.7. For any P andx we can�nd Q andy suchthatx is guardedin Q, y is unguardedin Q
andP � Q � x� y� .

Proof. A routineinductionon P.

Lemma A.8 (UnguardedSubstitutivity). If D
 x : T
�

� P �

� p Q andD
 y : T � � � R andy is un-
guardedin R thenD

�

� R�

� x : T � P� y�

�

� p R�

� x : T � Q� y� .

Proof. We proceedby inductionon thestructureof R. If y �

� R thentheresultis immediate.If R is
notof theform v � w, theresultfollowseasilyby inductionby makinguseof LemmaA.1. Otherwise,
sincey is unguardedin R wemusthave thatR is of theform y � w with y �

� w. Hence:

D
�

� R�

� x : T � P� y� � � x : T � P � w (asR � y � w andy �

� w)
�

� p P � w� x� (by LemmaA.2)
�

� p Q � w� x� (by hypothesis)
�

� p � x : T � Q � w (by LemmaA.2)
� R�

� x : T � P� y� (asR � y � w andy �

� w) �

asrequired.



20 A. JEFFREYAND J.RATHKE

Lemma A.9 (GuardedSubstitutivity). If D
 x : T
�

� P �

� p Q andD
 y : T � � � R andy is guarded
in R thenD

�

� R�

� x : T � P� y�

�

� p R�

� x : T � Q� y� .

Proof. Let R bede�ned as

D
�

� R�

�

� x : T � P� y� R R�

�

� x : T � Q� y� whenever D
 y : T � � � R� andy is guardedin R�

We show thatR is symmetric,reduction-closedup to � � 


�

� p � , � -contextual, andbarb-preserving
andso the result follows by LemmaA.4. Symmetry, � -contextuality, and barb-preservation are
direct.For reduction-closureup to � � 


�

� p � wesuppose:

R�

�

� x : T � P� y� � R� �

By LemmaA.6 we have thatR
� �

� R
� � �

�

� x : T � P� y� andmoreover:

R�

�

� x : T � Q� y� � R� � �

�

� x : T � Q� y�

We useLemmaA.7 to �nd a R
� � � �

andz suchthat y is guardedin R
� � � �

, z is unguardedin R
� � � �

and
R

� � �

� R
� � � �

� z� y� . Hence:

R
� �

� R
� � �

�

� x : T � P� y� (from above)
� R

� � � �

�

� x : T � P� y
 � x : T � P� z� (from above)
R R

� � � �

�

� x : T � Q� y
 � x : T � P� z� (from de�nition of R andy guardedin R
� � � �

�

� x : T � P� z� )
�

� p R
� � � �

�

� x : T � Q� y
 � x : T � Q� z� (from LemmaA.8 andz unguardedin R
� � � �

�

� x : T � Q� y� )
� R

� � �

�

� x : T � Q� y� (from above)

asrequired.

Corollary A.10. If D
 x : T
�

� P �

� p Q andD
 y : T � � � RthenD
�

� R�

� x : T � P� y�

�

� p R�

� x : T � Q� y� .

Proof. Follows from LemmasA.7, A.8 andA.9.

Corollary A.11.

(1) If D
 x : T
�

� P �

� p Q andD � v : T ��� thenD
�

� v � � x : T � P �

� p v � � x : T � Q.

(2) If D
 x : T
�

� P �

� p Q, D � a : ��� � T ��� � andD � R thenD
�

� a
�

� x : T � P� R �

� p a
�

� x : T � Q� R.

Proof. Follows from CorollaryA.10.

Proof of Lemma 2.2: The `only if ' direction is immediate. For the converseit is suf�cient to
show that �

� p is preserved by eachprocessoperatorof HOp asdemonstratedby LemmaA.1 and
CorollaryA.11.

Appendix B. Mergeis a partial function

Proofof Proposition3.3: Weconsidertherewriting relation � whichwewill de�ne astheone-step
rewriting usedto de�ne themergeoperation:

C �

�

if C doesn't contain
�

k � v� for any k 
 v
n �

�

a :
�

T � � �

�

k � v� � C ��� n �

�

a :
�

T ��� � C � v� t k � � if t k �

� v

It is easyto seethat � is a terminatingrewriting relation. Moreover, the rewriting will terminate
with a

�

fromC (sothat
� �

C � � is de�ned)exactlywhen 	��

� C � is acyclic. To seethisweconsiderthe
effectof � on referencegraphs:for

�

k � v� � C � C � v� t k �
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thereferencegraphof
�

k � v� � C hasthenodek removedandany edgessuchthat

l � �� k �� l

for l
�


 l �� k, arereplacedwith anedge
l � �� l

all otheredgesinvolving k areremoved.Soif nodek is involvedin acyclebeforerewriting occurs,
thatis

l ��

�

k ��

�

l
for somel , theneitherit is a tight loop, thatis l � k andk �� k, or l �� k andthecyclestill exist after
rewriting asl ��

�

l . Theside-conditionon therewrite rule forbidstight loopshencewe seethat �

preservescyclicity. Thatis:

if C � C
�

then 	��

� C � is acyclic if andonly if 	��

� C
�

� is acyclic.

Now, supposethat
� �

C � � is de�ned. Weknow thatthereexistsa �nite sequence

C � C1 � � � � � Cn �

�

with
� �

C � � � Cn. Weknow that 	��

� Cn � is acyclic asit containsnoedges.Thus, 	��

� C � is acyclic also.
Conversely, supposethat 	��

� C � is acyclic. Thenas � is terminatingtheremustbea �nite sequence

C � C1 � � � � � Cn

suchthatCn cannotberewritten. Therearetwo possibilitiesfor this: either 	��

� Cn � containsa tight
loop, or Cn is

�

. We seethat 	��

� C � is acyclic, soCn is acyclic too andthereforecannotcontaina
tight loop. ThusCn is

�

and
� �

C � � is de�ned.
Toshow that

� �

� � � isawell-de�nedpartialfunctionit suf�ces to show thatit is stronglycon�uent
for acyclic terms. Note that if na : T � � C � � C

�

theneitherC
�

is
�

or C
�

� na : T � � C
� �

� suchthat
C � C

� �

. Sowithout lossof generalitysupposethat

C � C1 and C � C2

for
C � C�1 �

�

k1 � v1 � and C � C�2 �

�

k2 � v2 �

sothat
C1 � C�1

� v1 � t k1 � and C2 � C�2
� v2 � t k2 � �

Soeither, k1 � k2 in whichcaseC1 � C2 or k1 �� l2 and

C�1 � C�3 �

�

k2 � v2 � and C�2 � C�3 �

�

k1 � v1 �

Wenoticethat
C1 � C

�1
� v1 � t k1 �

� � C
�3 �

�

k2 � v2 � �

� v1 � t k1 �

� C
�3

� v1 � t k1 � �

�

k2 � v2
� v1 � t k1 � �

� acyclicity impliest k2 �

� v2
� v1 � t k1 � � � C

�3
� v1 � t k1 �

� v2
� v1 � t k1 � � t k2 �

� C
�3

� v1
� v2

� v1 � t k1 � � t k2 � � t k1 
 v2
� v1 � t k1 � � t k2 �

� acyclicity � � C
�3

� v1
� v2 � t k2 � � t k1 
 v2

� v1 � t k1 � � t k2 �

� def� � C3

By asymmetricargumentweseethatC2 � C
�3

� v2
� v1 � t k1 � � t k2 
 v1

� v2 � t k2 � � t k1 � and,by de�nition, this
is just C3 so we have C2 � C3. Thus � is stronglycon�uent for acyclic termsandhence

� �

� � � is
well-de�ned.
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