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Abstract

Thispaperprovidesa fully abstractsemanticsfor a vari-
antof theconcurrentobjectcalculus.Wede�nemaytesting
for concurrentobjectcomponentsand thencharacteriseit
usinga tracesemanticsinspired by UML interaction dia-
grams. The main result of this paper is to showthat the
tracesemanticsis fully abstract for maytesting. Thisis the
�r st such resultfor a concurrentobjectlanguage.

1. Intr oduction

AbadiandCardelli's[1] objectcalculusis aminimal lan-
guagefor investigatingfeaturesof objectlanguagessuchas
encapsulatedstate,subtyping,andself variables. Gordon
andHankin[7] addedconcurrentfeaturesto theobjectcal-
culus,to producetheconcurrentobjectcalculus.

Priorwork ontheobjectcalculushasconcentratedonthe
operationalbehaviour of objectsystems,andtype systems
which provide type safetyguarantees.The closestpaper
to ours is Gordonand Rees's [8] fully abstractsemantics
for the immutablesingle-threadedobject calculus. There
hasbeenno work on providing fully abstractsemanticsfor
concurrentmutableobjects.

In this paper, we presentthe �rst fully abstracttesting
semanticsfor a variantof GordonandHankin's concurrent
objectcalculuswithout subtyping. The lack of subtyping
hereaffords a simpler presentationof the labelledtransi-
tionsandtracesbut we anticipatethat theproof techniques
usedherearerobustenoughto caterfor subtypingalso.This
semanticswas inspiredby UML interactiondiagrams[4],
which area commontool for visualisinginteractionswith
objectsystems.

1.1. Interaction diagrams

Interactiondiagrams(in particularsequencediagrams)
weredevelopedby Jacobson,andarenow partof theUni-
�ed ModelingLanguagestandard[4]. Interactiondiagrams

recordthemessagessentbetweenobjectsof acomponentin
anobjectsystem.Thesemessagesincludemethodcallsand
returns(interactiondiagramsinclude other forms of mes-
sage,but we will notusethesein thispaper).

A simple interactionwith an integer referenceobject �
of type

�������	��

hasit receive two incomingmethodcalls

� �
������� and � ������� , for which it producesappropriatere-
turnvalues:

r : IntRef

set (5)

get ()

5

A more complex interactionallows a methodcall on one
objectto call methodsonotherobjects:

foo : Foo bar : Bar

fred ()
barney ()

betty
wilma

Here, the object

����

has one incoming call to

 � ������� ,

makesoneoutgoingcall to �	� � ��������� , receivesthe result
� �
����� back,thenreturns���
 �!"� itself. This illustratesthe
four messageswhichmaybesentduringaninteraction:in-
comingandoutgoingmethodcalls,andmatchingoutgoing
andincomingreturns.

In this paper, we usea textual representationof aninter-
action,asa trace,which is just a sequenceof messages.In
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theaboveexample,

����

hasthetrace:

���������	��
�

� ���	���������
?����������������������� ���"!#�����

!���	�"$&%�� �'���($�$�!��
?���	�"$&%�� �
)+*���,-���
!

wherewe mark incoming messageswith ? and outgoing
messageswith !. Theobject ��� � hasthematchingtrace:

���(�����������������������"!#�����
?�.�/�($&%0� �'���($�$�!��

!

andsocomposingthesetwo tracestogether, we getthatthe
wholesystemhasthetrace:

���(�����	��
1
#� ���/�2�3���4�
?���	�"$&%�����)5*���,-���

!

Therearetwo additionswe will make to theUML message
notation:addingthreadidenti�ers, andmakingnamescope
moreexplicit.

Sequencediagramscanbeusedfor multithreadedappli-
cations,for example:

r : IntRef

set (5)

get ()

5

Here,two threadsindependentlycall methodsof theobject
� , creatinga racecondition. In our textual representation,
we give the threadsnames,andwe decorateeachmessage
with thethreadresponsiblefor themessage:

$&60�	�����
7����(��������� 8��"$(�
5
�4�

?$&60�	������9#���(��������� :0�"$(�����
?$&60�	������9#�.�/�($&%0� �3;��

!$&60�	�����
7��.�/�($&%0� ���
!

Theotheradditionwe make to thenotationis to make the
scopeof namesmoreexplicit. For example,considerthe
following interactionwith a factory object, which builds
new integerreferenceobjects:

factory : IntRefFactory

build ()

result : IntRef«create»
result

set (5)

In thetextual representationof this trace,we needto make
clear that the � � ��<  � objecthasnot beenseenbeforeby
theenvironment(it is agenuinelynew object,notarecycled
object).Wedothisby decoratingthelabelwith ν to indicate
thatthe � � ��<  � objectis new:

$&6��/�2���=7����������/�����"$.
1�>!?�>�0%�*�� �=� �4�
?

ν
���	�(8(%0� $

: @ ��$(A��(�B�
� $&6��	�����
7����	�"$&%����C�	�(8"%�� $4�
!$&6��/�2���=7���������� �	�(8(%0� $&� 84�($(�

5
���

?$&6��/�2���=7����	�"$&%������
!

As well asallowing the systemto generatenew nameson
outgoingmessages,we allow the environmentto generate
new nameson incomingmessages.This style of dealing
with freshnamescomesoriginally from theπ-calculus[19,
18], andhassincebeenusedin otherlanguages,notablythe
ν-calculus[23].

We have now presentedinformally all of themachinery
requiredby oursemanticsfor objects:

D Thesemanticsof a systemis givenby a setof traces,
whereatraceis asequenceof messagescorresponding
to oneinteraction.

D Messagesareincomingor outgoingmessagecalls,or
matchingoutgoingor incomingreturns.

D Messagesaredecoratedwith threadidenti�ers.

D Messagesmayincludefreshnames.

We have only useda very small subsetof sequencedia-
grams,which in turn is a very smallsubsetof UML, but in
thispaperwewill show thatthissmallsubsetis veryexpres-
sive,andin particularprovidesa fully abstractsemantics.

1.2. The object calculus

Theobjectcalculusis a minimal languagefor modelling
object-basedprogramming. Abadi and Cardelli [1] pro-
videda typesystemandoperationalsemanticsfor a variety
of objectcalculi, andprovedtypesafetyfor them. Gordon
andHankin[7] havesinceextendedthislanguageto include
concurrentfeatures.

In this paper, we shall investigatea variant of Gordon
andHankin'sconcurrentobjectcalculus,which includes:



D A heapof namedobjectsandthreads.

D Threadscancall or updateobjectmethods,cancom-
pareobject or threadnamesfor equality, can create
new objectsand threadsand can discover their own
threadname.

D An operationalsemanticsbasedon theπ-calculus[19,
18], anda simpletypesystem.

D A tracesemanticsasdiscussedin Section1.1.

Wearenotconsideringmany of themoreadvancedfeatures
of theobjectcalculusor theconcurrentobjectcalculus,such
asrecursive types,objectcloningandobjectlocking. This
is just for simplicity, we do not seeany technicalproblems
with incorporatingthesefeaturesinto our language.

In anotherstrandof researchDi Blasio and Fisher[3]
alsodesigneda calculusfor modellingimperative, concur-
rent object-basedsystems. As with Abadi and Cardelli's
objectcalculusandits variousextensions,theemphasisin
Di Blasio andFisher's work is againon type systemsand
safetypropertiesfor them.

1.3. Full abstraction

The problemof full abstractionwas�rst introducedby
Milner [17], andinvestigatedin depthby Plotkin [24]. Full
abstractionwas�rst proposedfor variantsof theλ-calculus,
but has since beeninvestigatedfor processalgebras[9],
the π-calculus[6, 10], the ν-calculus[23, 14], Concurrent
ML [5, 15], andtheimmutableobjectcalculus[8].

Oneway to de�ne a semanticsfor a programminglan-
guageis to de�ne:

D A languageof typedcomponentsC whichcanbecom-
posedC1 � C2. (In this paper, componentsare pro-
gramsin theconcurrentobjectcalculus.)

D A notion of whena componentis successful. (In this
paper, we usea special ��<���� methodcall to indicate
a successfulcomponentalthoughthe theoryis robust
enoughthat any othersuitableobservablewould suf-
�ce).

We can then de�ne the may testing preorder [21, 9] as
C1 �� may C2 whenever:

for any appropriatelytypedC
if C1 � C is successfulthenC2 � C is successful

Unfortunately, althoughit is very simple to de�ne, and is
quite intuitive, may testingis oftenvery dif�cult to reason
aboutdirectly, becauseof the quanti�cation over `any ap-
propriatelytypedC'. In practice,we requirea proof tech-
niquewhichwe canuseto show resultsaboutmaytesting.

Oneapproachis to useatracesemantics,givenby de�n-

ing possibleexecutionsof componentsC ���s � C	 wheres
is asequenceof messages.Wethenwrite 
 � ���"��8#�

C
�

for the
setof all tracesof C. We saythat:

D Tracesaresoundfor maytestingwhen

 � ���"�(8
�

C1
��� 
 � ���"��8=�

C2
�

impliesC1 �� may C2.

D Tracesarecompletefor maytestingwhen
C1 �� may C2 implies 
 �	���(�(8=�

C1
�
� 
 �	���(�(8#�

C2
�
.

D Tracesarefully abstract for maytestingwhen
they arebothsoundandcomplete.

A fully abstracttracemodelcanbe a usefultool in under-
standinga behavioural equivalencein thesensethat, in or-
der to be sound,the tracesusedto build the modelmust,
at minimum, accountfor all of the possibleinteractionsa
systemof objectsmayhavewith its environmentand,in or-
der to becomplete,the interactionsdescribedby thetraces
mustbegenuine.Thisis takento meanthatfor eachinterac-
tion describedby atracethereis anactualsystemof objects
which canplay therole of theenvironmentin that interac-
tion. Therefore,to obtaina fully abstracttracemodelit is
necessaryto describeall possibleinteractionsaccurately.

Establishingfull abstractionfor a languagewhich in-
cludes featuressuch as higher-order programming,new
name generation,and heap-basedobjects is often non-
trivial. For example, Pitts and Stark introducedthe ν-
calculus [23], as a minimal higher-order languagewith
namegeneration,by extendingthesimply typedλ-calculus
with an abstracttype of names,togetherwith a namegen-
eratorandan equalitytest. Even this minimal languageis
remarkablydif�cult to reasonabout,andthereis no known
fully abstractsemanticsfor it [15].

1.4. Contrib ution of this paper

In this paper, we presenta variantof GordonandHan-
kin's concurrentobjectcalculus,which is in turn anexten-
sionof Abadi andCardelli's objectcalculus.Theonly sig-
ni�cant departuresfrom GordonandHankin's concurrent
objectcalculusis thatweusenamedthreads,wherethey use
anonymousthreadsandwe restrictthecalculusto disallow
subtypingandrecursive types.Whilst this latter restriction
doesmoveusawayfrom theessenceof object-orientedpro-
grammingit is imposedsoasto keepthetechnicalpresenta-
tion assimpleaspossibleat this stage.There-introduction
of thesefeaturesinto the type systemwould affect the be-
havioural theoryin whatwe expectto bea predictableway
andanticipatethat techniquesemployed in [11] andthose
presentedherecanbecombinedto give a similar treatment
for a concurrentobjectlanguagewith subtyping.



We provide the calculuswith an operationalsemantics,
anda tracesemantics,andthenshow that thetraceseman-
tics is fully abstractfor may testing. This is the �rst full
abstractionresultfor a concurrentobject-basedlanguage.

2. Concurrent objects

In this section,we will presentthesyntax,staticseman-
tics anddynamicsemanticsof our concurrentobjectcalcu-
lus. This is a variantof GordonandHankin's concurrent
objectcalculuswith namedratherthananonymousthreads.

2.1. Syntax

Thesyntaxfor theconcurrentobjectcalculuswewill use
in this paperis givenin Figure1. For theremainderof this
section,we will provideaninformaldescriptionof thesyn-
tax.

In examples,we will oftenmake useof basetypessuch
asintegersandbooleans:thesearenot part of our formal
system,but will make exampleseasierto present. They
could be comfortably included in the languagewithout
changingthe theory signi�cantly. We will also make use
of somesyntaxsugar, which we will de�ne formally at the
endof this section.

A componentC is acollectionof namedobjectsn �O� and
threadsn

�
t
�
. For example,onepossiblecomponentconsist-

ing of an integer referencep anda threadn which incre-
mentsthereferenceis:

p � �(
#�2$.���2$.8 � 5� �
n
�.� �"$

x � p
� �"
=��$.����$.8 *��

p
� �(
#�2$.���2$.8

: � x � 1
�

We alsousethe ν-notationof the π-calculus[18] to indi-
catewhichnamesareprivate,andnot known to theoutside
world. By default,namesarepublic,andhaveto bemarked
by ν in order to be consideredprivate. For example,n is
private,andp is public in:

ν
�
n :

$&60�	�����1�
�"�
p � �(
#�2$.���2$.8 � 5� �
n
��� �"$

x � p
� �(
#�2$.���2$.8 *��

p
� �"
#�2$.���2$.8

: � x � 1
�

�

An object �O� consistsof asetof namedmethods,for exam-
ple anintegerreferencewith

8��"$
and

:��($
methodsmight be

written:

� �(
#�2$.���2$.8 � 5 �8��"$ � ς
� $&6�* 8

: @ ��$(A��"� �=�
λ
�
x : @ ��$��
��$&6�* 8"� �(
#�2$.���2$.8

: � x;x �:0�"$ � ς
� $&6�* 8

: @ ��$(A��"� �=�
λ
���
��$&6�* 8&� �"
=��$.����$.8

�
Here we are using Abadi and Cardelli's [1] notation for
�elds aszero-argumentmethods.EachmethodM consists

of aselfnameaswell asalist of parametersandabody. For
example,the

8��"$
methodabovehasselfname

��$&6�* 8
: @ ��$(A��(�B�

,
parameters

�
x : @ ��$�� , andbody

� $&6�* 8(� �"
#�2$.���2$.8
: � x

�
.

(Readersfamiliar with Abadi and Cardelli's work will
notethatwearetakingparameterizedmethodsasprimitive,
ratherthande�ning themas syntaxsugar. This is neces-
saryfor oursemantics,which is basedonmethodcallswith
argumentsandreturnvalues.)

A thread
�
t
�

consistsof astackof let-expressions,termi-
natedeitherby a returnvalue:

��� �"$
x1 : T1 � e1

*���������� �"$
xn : Tn � en

*��
v
�

or by adeadlocked
8.$.
	�

thread:

��� �($
x1 : T1 � e1

*��
������� �"$
xn : Tn � en

*�� 8.$.
����

Eachexpressionis eitheritself a thread,or:

D anif expression
* �

v1 � v2
$&6����

e1
��� 84�

e2,

D a methodcall v
�
l
�
�
v
�
,

D a methodupdatev
�
l � M,

D a new object
���") �O� ,

D a new thread
���") �

t
�
, or

D thecurrentthreadname
��%0� �/����$�$&6��	�����

.

Eachvalueis eithera nameor a variable. We will discuss
typesin Section2.2. In examples,we will oftenusesome
syntaxsugar. We will elide typesfrom variableandname
binders,wherethey canbe reconstructed.We write e;t as
syntaxsugarfor

� �($
x � e

*��
t whenx is a freshvariable.

We useAbadi andCardelli's de�nition of �elds f aszero-
argumentmethods:a �eld declarationf � v in anobjectis
syntaxsugarfor amethoddeclarationf � ς

�
n : T

�1�
λ
���1�

v; a
�eld type f : T in anobjecttypeis syntaxsugarfor amethod
type f :

�����
T; a�eld accessexpressionv

�
f is syntaxsugar

for amethodcall v
�
f
���

; anda�eld updateexpressionv
�
f : �

v	 is syntaxsugarfor amethodupdatev
�
f � �

ς
�
n : T

�
�
λ
���
�

v
�
.
In addition,we have restrictedmany subexpressionsof

anexpressionto be valuesratherthanfull expressions,for
examplein amethodcall v

�
l
�
�
v
�
werequiretheobjectandthe

argumentsto bevaluesratherthanexpressionse
�
l
�
�
e
�
. This

makestheoperationalsemanticsmucheasierto de�ne, and
doesnot restricttheexpressivity of thelanguage,for exam-
plewecande�ne

�
e
�
l
�
�
e
����� ��� �($

x � e
*��-� �"$��

x � �
e

*��
x
�
l
���
x
�4�

.
Similarly, the distinction betweenthreadsand expres-

sionsmakes the operationalsemanticsmuch simpler, but
we cantreatany expressionasa threadby η-convertingit:�
e
��� �.� �"$

x � e
*��

x
�
.



Components: C :: � 0 � C � C � ν �
n : T

�
�
C � n �O��� n �

t
�

Objects: O :: � l � M � �4��� � l � M
Methods: M :: � ς

�
n : T

�=�
λ
�
x : T � �4��� � x : T

�
�
t

Threads: t :: � v � 8.$.
�� � � �"$ x : T � e
*��

t
Expressions: e :: � t � * � v � v

$&62���
e

��� 8��
e � v� l � v� �4�4� � v� � n �

l � M � ���") �O��� �2�() �
t
� � ��%0� �	���2$�$&60�	�����

Values: v :: � x � n
Types: T :: � $&6��	����� � �2
=�2� � � l : L � �4��� � l : L �
Methodtypes: L :: � �

T � ���4� � T � �
T

We assumegrammarsfor variablesx � y, namesn � p andmethodidenti�ers l .
In objectsandobjecttypes,we requiremethodidenti�ers l to beunique,andviewedup to reordering.

Figure 1. Syntax of the concurrent object calculus

2.2. Static semantics

Thestaticsemanticsfor ourconcurrentobjectcalculusis
givenin Figures2–6. Most of therulesarestraightforward
adaptationsof thosegivenby Abadi andCardelli [1]. The
main judgementis ∆ � C : Θ which is readas`thecompo-
nentC usesnames∆ andde�nesnamesΘ'. For example,if
wede�ne C1

�
v
�
, C2 and @ ��$(A��"�

as:

C1
�
v
���

p ��(
#�2$.���2$.8 � v�8��"$ � ς
��$&6�* 8

: @ ��$(A��"���
�
λ
�
x : @ �2$��
��$&6�* 8(� �(
#�2$.���2$.8

: � x;x �:0�"$ � ς
��$&6�* 8

: @ �2$(A��"�B�
�
λ
� �
��$&6�* 8&� �"
=��$.����$.8

�
C2

�
n
�

� �($
x � p

� :0�"$"��� *��
p
� 84�($(�

x � 1
�
;
84$.
	�

�
@ �2$(A��"� � ��(
#�2$.���2$.8

: @ �2$ � 8��"$ :
� @ �2$�� � @ �2$ � :��($ :

��� � @ ��$
�

thenwe candeduce(if v : @ ��$ ):
n :

$&6��/�2��� � C1
�
v
�

:
�
p : @ �2$(A��"�B�

p : @ ��$(A��"� � C2 :
�
n :

$&6��	�����1�
� �

C1
�
v
� � C2

�
:
�
p : @ ��$(A��(� � n :

$&6��/�2�����
� ν

�
n :

$&6��/�2�����
�"�
C1

�
v
� � C2

�
:
�
p : @ �2$(A
�(�B�

We will now introducean important requirementof our
components,thatthey bewrite closed:

Whenever ∆ � C : Θ containsa subexpressionof
theform n

�
l � M with n free,thenn appearsin Θ.

This is intendedto capturethecommonsoftwareengineer-
ing requirementthatcomponentsshouldnotexportmutable
�elds, insteadthey shouldexportsuitable

:0�"$
and

84�"$
meth-

ods. For example,the con�gurationsC1 andC2 above are

write closed,sincetheonly updatesareto
$&6�* 8

, but thefol-
lowing componentwhich writes directly to p

� �(
#�2$.���2$.8
is

notwrite closed:

C	2 � n
�.� �"$

x � p
� �"
=��$.����$.8 *��

p
� �(
#�2$.���2$.8

: � x � 1;
84$.
	�2�

For theremainderof thepaperwe will requirecomponents
to be write closed.This makesdevelopinga fully abstract
semanticsmuch simpler, sincewe do not needto model
methodupdatedirectly.

2.3. Dynamic semantics

Thedynamicsemanticsfor our concurrentobjectcalcu-
lus is givenin Figures7–10.

We de�ne two relations:

D C
τ�

C	 whenC canreducetoC	 by theinteractionof a
threadandanobject(eithera methodcall or a method
update).

D C
β�

C	 whenC canreduceto C	 by a threadacting
independentlyof any otherthreadsor objects.

WewriteC
�

C	 wheneitherC
τ�

C	 orC
β�

C	 ; wewrite
C
�

C	 whenC
���

C	 .
The importantpropertyof β-reductionsis that they do

not introduceraceconditions(andhencenondeterminism),
whereτ-reductionsmay introduceraceconditions.This is
discussedfurtherin thefull versionof this paper.

For example,recallingthede�nition of C1
�
v
�

from Sec-
tion 2.2we have:

C1
�
5
� � n

��� �"$
x � p

� :0�"$"��� *��
p
� 84�($&�

x � 1
�
;
8.$.
��2�

τ�
C1

�
5
� � n

��� �($
x � p

� �(
#�2$.���2$.8 *��
p
� 84�($(�

x � 1
�
;
84$.
	�2�

τ�
C1

�
5
� � n

��� �($
x � 5

*��
p
� 8��"$(�

x � 1
�
;
8.$.
��2�

β� �
C1

�
5
� � n

�
p
� 84�($"�

6
�
;
8.$.
����



∆ � 0 :
��� ∆ � Θ2 � C1 : Θ1 ∆ � Θ1 � C2 : Θ2

∆ � �
C1 � C2

�
:
�
Θ1 � Θ2

� ∆ � C : Θ � n : T
∆ � ν

�
n : T

�
�
C : Θ

;∆ � n : T �
�O� : T
∆ � n �O� :

�
n : T

� ;∆ � n :
$&6��/�2��� � t :

��
#���
∆ � n

�
t
�

:
�
n :

$&60�	�����1�

Figure 2. Rules for judgement ∆ � C : Θ

Γ;∆ � M1 : T
�
l1

�����
Γ;∆ � Mk : T

�
lk

Γ;∆ ��� l1 � M1 � ���4� � lk � Mk � : T

Figure 3. Rule for judgement Γ;∆ �
�O� : T (when T � � l1 : L1 � �4�4� � lk : Lk � )

Γ � x1 : T1 � �4��� � xk : Tk;∆ � n : T � t : U
Γ;∆ � ς

�
n : T

�
�
λ
�
x1 : T1 � �4�4� � xk : Tk

�
�
t : T

�
l

Figure 4. Rule for judgement Γ;∆ � M : T
�
l (when T � � �4��� � l :

�
T1 � �4�4� � Tk

�	�
U � �4��� � and T

�
l is the record l

selected from T)

Γ;∆ � v1 : T1 Γ;∆ � v2 : T1

Γ;∆ � e1 : T2 Γ;∆ � e2 : T2

Γ;∆ � * �
v1 � v2

$&6����
e1

��� 84�
e2 : T2

Γ;∆ � v : � ���4� � l :
�
T1 � ���4� � Tk

� �
T � �4��� �

Γ;∆ � v1 : T1
�����

Γ;∆ � vk : Tk

Γ;∆ � v
�
l
�
v1 � ���4� � vk

�
: T

Γ;∆ � n : T Γ;∆ � M : T
�
l

Γ;∆ � n
�
l � M : T

Γ;∆ ���O� : T
Γ;∆ � ���") �O� : T

Γ;∆ � t : T
Γ;∆ � ���") �

t
�

:
$&6��/�2���

Γ;∆ � ��%0� �	���2$�$&60�	�����
:
$&60�	�����

Γ;∆ � e: T1 Γ � x : T1;∆ � t : T2

Γ;∆ � � �"$
x : T1 � e

*��
t : T2 Γ;∆ � 8.$.
��

: T Γ � x : T � Γ 	 ;∆ � x : T Γ;∆ � n : T � ∆ 	 � n : T

Figure 5. Rules for judgement Γ;∆ � e: T

Variablecontexts: Γ :: � x : T � �4��� � x : T Namecontexts: ∆ � Θ � Σ � Φ :: � n : T � �4��� � n : T

In variablecontexts,variablesmustbeunique,andareviewedup to reordering.
In namecontexts,namesmustbeunique,typesmustnotbe

��
#���
, andareviewedup to reordering.

Figure 6. Syntax of name and variable contexts
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Figure 7. Axioms for structural congruence (where n is not free in C1)
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Figure 8. Axioms for reduction precongruence
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Figure 9. Rules for reduction precongruence
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�
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�
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asexpected.

2.4. Testingpreorder

We will now de�ne thetestingsemanticsfor ourconcur-
rent objectcalculus. We will do this by de�ning a notion
of barb for acomponent,andlet asuccessfulcomponentbe
onewhichcommunicatesonthatbarb. This is similar to the
useof barbsin processalgebra[20].

Let thetype
�������

bede�ned:
����� � � � 8(%���� :

��� � ��
#��� �
for somefreshmethodname

8"%��(�
. Wesaythatacomponent

stronglybarbsonb :
�������

writtenC� b if andonly if:

C
�

ν
���
n :

�
T

�=�"�
C	 � n

��� �"$
x :

�2
=�2� � b
� 8(%�������� *��

t
�4�

for b �� �
n andbarbsonb :

����� �
writtenC� b if andonly if:

C
�

C	 � b

When∆ � C1 : Θ and∆ � C2 : Θ wewrite ∆ � � C1 �� may C2 : Θ
if andonly if:

for any ∆ 	 � Θ � b :
����� � � C : ∆ if

�
C1 � C

� � b then
�
C2 � C

� � b

This is a straightforwardadaptationof thestandard[9] def-
inition of maytestingfor concurrentsystems.

2.5. Trace semantics

Thetracesemanticsfor theconcurrentobjectcalculusis
givenby a labelledtransitionsystem(lts) with judgements:

�
∆ � C : Θ

� α� �
∆ 	 � C	 : Θ 	 �

The lts is given for componentsextendedby introducing
two new expressions:

e :: � ����� � �0� 
?��� � �	�"$&%�� �
v

Thesenew threadsare includedpurely to assistin the de-
scriptionof thelts andareintendedto representacommand
for a threadto wait for someunknown interactionwith the
environmentanda commandfor a threadto reporta value
to theenvironmentandthento go backto a

�0� 
?���
ed state.

Thereare no reductionsassociatedwith thesecommands
andthey maybetypedas:

Γ;∆ � �0� 
?���
: T

Γ;∆ � v : T

Γ;∆ � �	�"$&%�� �
v : U

whereT andU areany types. The lts for our concurrent
objectlanguagearegivenin Figures11–14.

For exampleif wede�ne:

Θ
� �

p : @ ��$(A��(���
Θ 	 � �

p : @ �2$(A��"� � n :
$&60�	�����1�

then(whereC1
�
v
�

is de�ned in Section2.2)we have:

� � C1
�
5
�

: Θ
�

ν � n: �	��
 ��
����	� n ����
�� � p � ����������� ?�
� � �

C1
�
5
� � n

�.� �"$
x � p

� :��($&� �C*�� �	�"$&%����
x
���

: Θ 	 ��
� � �

C1
�
5
� � n

�.�/�($&%0� �
5
�4�

: Θ 	 �
n ��
 �	�	��
� 5 � !�

� � �
C1

�
5
� � n

�.�0� 
?�������
: Θ 	 �

n ���!
�� � p � "��	�	� 6 ��� ?�
� � �

C1
�
5
� � n

�.� �"$
x � p

� 84�($&�
6
� *��-�	�"$&%�� �

x
�4�

: Θ 	 ��
� � �

C1
�
6
� � n

�.�/�($&%0� �
6
�4�

: Θ 	 �
n ��
 �	�	��
� 6 � !�

� � �
C1

�
5
� � n

�.�0� 
?�������
: Θ 	 �

For any component
�
∆ � C : Θ

�
wede�ne its tracesto be:


 � ���"��8��
∆ � C : Θ

� �$# s � � ∆ � C : Θ
� � �s � �

∆ 	 � C	 : Θ 	 �&%

We will now show thatthis tracesemanticsis fully abstract
for maytesting.

3. Soundnessof tracesfor may testing

3.1. The mergeoperator

De�ne thepartialmergeoperatorC1 ' C2 asthesymmet-
ric operatorde�ned up to

�
where:

0 ' C
�

C�
ν
�
p : T

�=�
C1

� ' C2
�

ν
�
p : T

�=�"�
C1 ' C2

�
�
p �O� � C1

� ' C2
�

p �O� � �
C1 ' C2

�
�
p
�
t
� � C1

� ' C2
�

p
�
t
� � �

C1 ' C2
�

�
n
�
t1

� � C1
� ' �

n
�
t2

� � C2
� �

n
�
t1 ' t2

� � �
C1 ' C2

�

whenn �� �0
#, �
C2

�
andp �� ���-�

C2
�
.

De�ne thepartialmergeoperatort1 ' t2 asthesymmetric
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Figure 11. Axioms for labelled transition system
�
∆ � C : Θ

� α� �
∆ 	 � C	 : Θ 	 �

�
∆ � C :

�
Θ � n : T

�4� a� �
∆ 	 � C	 : �

Θ 	 � n : T
�4�

�
∆ � ν

�
n : T

�
�
C : Θ

� a� �
∆ 	 � ν

�
n : T

�
�
C	 : Θ 	 �

�
n is not freein a

�

�
∆ � C :

�
Θ � n : T

�4� γ!� �
∆ 	 � C	 : Θ 	 ��

∆ � ν
�
n : T

�
�
C : Θ

� ν � n:T �	� γ!� �
∆ 	 � C	 : Θ 	 �

�
n is freein γ

�

�
∆ � n : T � C : Θ

� γ?� �
∆ 	 � C	 : Θ 	 ��

∆ � C : Θ
� ν � n:T �	� γ?� �

∆ 	 � C	 : Θ 	 �
�
n is freein γ � T is not

��
#�����

Figure 12. Rules for labelled transition system
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Figure 13. Rules for trace semantics
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Figure 14. Syntax of labels and traces



operatorwhere:
�.� �"$

x � ��� 
?��� *��
t
� ' 84$.
	�

� 8.$.
	�
�.� �"$

x � ��� 
?��� *��
t
� ' v�

v�.� �"$
x � ��� 
?��� *��

t1
� ' ��� �($

y � �	�"$&%�� �
v

*��
t2

�
� ��� �"$

y � ��� 
?��� *��
t2

� ' �
t1 � v� x� ��.� �"$

x � ��� 
?��� *��
t1

� ' ��� �($
y � e

*��
t2

�
� � �"$

y � e
*�� �4�.� �"$

x � �0� 
?��� *��
t1

� ' t2
�

whene is block/returnfreeandy �� ��� �
t2

�
.

Lemma 3.1 If ∆ � �
C1 � C2

�
: Θ then

�
C1 ' C2

� � �
C1 � C2

�
.

Lemma 3.2 If C1 ' C2
�

C thenC� b if and only if C1 � b
or C2 � b.

3.2. Trace compositionand decomposition

Givena traceswe write s̄ for thecomplementarytrace:

ε̄ � ε s1s2 � s̄1s̄2 γ̄? � γ! γ̄! � γ?

Proposition3.3(Tracecomposition/decomposition)For
anycomponents

�
∆ � Φ � C1 : Θ � Σ �

and
�
Θ � Φ � C2 : ∆ � Σ �

such thatC1 ' C2
�

C, wehave:

(i) If
�
∆ � Φ � C1 : Θ � Σ � � �s � �

∆ 	 � Φ � C	1 : Θ 	 � Σ 	 �
and

�
Θ � Φ � C2 : ∆ � Σ � � � s̄� �

Θ 	 � Φ � C	2 : ∆ 	 � Σ 	 �
thenC

�
C	

whereν
�
∆ 	 � Θ 	 � Σ 	 � ∆ � Θ � Σ �
�"�

C	1 ' C	2 � � C	 .
(ii) If C

�
C	 thenthereexistssometraces

such that
�
∆ � Φ � C1 : Θ � Σ � � �s � �

∆ 	 � Φ � C	1 : Θ 	 � Σ 	 �
and

�
Θ � Φ � C2 : ∆ � Σ � � � s̄� �

Θ 	 � Φ � C	2 : ∆ 	 � Σ 	 �
whereν

�
∆ 	 � Θ 	 � Σ 	 � ∆ � Θ � Σ �
�"�

C	1 ' C	2 � � C	 .
3.3. Proof of soundness

Theorem3.4(Soundnessof tracesfor may testing)
If 
 �	���(�(82�

∆ � C1 : Θ
��� 
 � ���"��8��

∆ � C2 : Θ
�

then∆ � � C1 �� may C2 : Θ

Proof: Supposethat 
 �	���(�(8��
∆ � C1 : Θ

�
� 
 �	���(�(8��
∆ � C2 :

Θ
�

andthat we have
�
Θ � b :

����� � � C0 : ∆
�

suchthat
�
C1 �

C0
� � b; we mustshow that

�
C1 � C0

� � b also.
Now, since

�
C1 � C0

� � b we can�nd C	 suchthat:
�
C1 � C0

� �
C	 � b

By Lemma3.1we know that:C1 � C0
�

C1 ' C0 andsoby
Proposition3.3wehave:

�
∆ � b :

������� � C1 : Θ
� � �s � �

∆ 	 � b :
����� � � C	1 : Θ 	 � Σ 	 �

�
Θ � b :

����� � � C0 : ∆
� � � s̄� �

Θ 	 � b :
������� � C	0 : ∆ 	 � Σ 	 �

where:ν
�
∆ 	 � Θ 	 � Σ 	 � ∆ � Θ �
�"�

C	1 ' C	0 � � C	 . By Lemma3.2
weknow thateitherC	1 � b or C	0 � b.

D Case
�
C	1 � b

�
. SinceC	1 � b we can�nd a labelω! of the

form:
ω! � ν

�
�
n :

�
T

�
�
n
���(�����

b
� 8"%��(��� �4�

!

suchthat:

�
∆ 	 � b :

����� � � C	1 : Θ 	 � Σ 	 � ω!�

Since 
 �	���(�(82�
∆ � C1 : Θ

� � 
 �	���(�(82�
∆ � C2 : Θ

�
we

have:

�
∆ � b:

������� � C2 : Θ
� � s � �

∆ 	 � b:
����� � � C	2 : Θ 	 � Σ 	 � ω!�

By Lemma3.1weknow thatC2 � C0
�

C2 ' C0 andso
by Proposition3.3wehave:

�
C2 � C0

� �
C	 	 where:

ν
�
∆ 	 � Θ 	 � Σ 	 � ∆ � Θ �=�"�

C	2 ' C	0 ��� C	 	
By Lemma3.2,sinceC	2 � b we have thatC	 	 � b, andso�
C2 � C0

� � b asrequired.

D Case
�
C	0 � b

�
. Similar to theabove. �

3.4. Example

We can usethe tracesemanticsnow to show a simple
equivalence,derived from oneof the Meyer-Sieberexam-
ples [16] for idealisedAlgol. The following two compo-
nentsaremaytestingequivalentif x �� t � C:

C � n
�.� �"$

x � ���") �O� *�� t
�

and C � n
�
t
�&�

To show thisweuseameta-propertyof reductionthattraces
areinvariantunderβ-reductionssowereduceourobligation
to showing equivalenceof

�
ν
�
p
�
�

p �O� � � C � n
�
t
�

and C � n
�
t
�"�

This canbeachievedby establishinga simpleinvariant(by
examiningeachlabelledtransitionrule) that eachof these
canperformthe sameactionsto get to a similar syntactic
form.

4. Completenessof tracesfor may testing

A key stepin demonstratingcompletenessof tracesfor
may testingis to �nd, for eachtrace,a componentwhich
exhibits that trace;we call this problemde�nability. How-
ever, we only actuallyrequirede�nability for traceswhich
originatedfrom well-typedcomponents.To identify these,
in the full versionof the paper, we presenta type system
for traces∆ � s :

$&� ���"�
Θ which capturesexactly thosewe

require. For presentpurposesthe readermay think of the



well-typedtraces∆ � s:
$&� ���"�

Θ simply asthosewhich are
generatedby well-typedcomponents∆ � C : Θ. Also, due
to anamountof latency andasynchrony in thelabelledtran-
sition system,to demonstratede�nability, we foundit nec-
essaryto de�ne aninformationorder∆ � r � s:

$&� ���"�
Θ for

typedtraceswhich incorporatespre�xing, input receptivity
[12], andcommutativity of certainactions. Detailsof this
maybefoundin thefull versionof thepaper.

Lemma 4.1(TraceDuality) If ∆ � s:
$&�	���(�

Θ
thenΘ � s̄ :

$&� ���"�
∆

Proposition4.2(TraceSubjectReduction) If ∆ � C : Θ
and

�
∆ � C : Θ

� � �s � �
∆ 	 � C	 : Θ 	 � then∆ � s:

$&� ���"�
Θ

and∆ 	 � C	 : Θ 	 .
Lemma 4.3(Inf ormation Order Duality)
If ∆ � r γ! � sγ! :

$&� ���"�
Θ and

��� �
γ
���

Θ
�
s
� � /0 andγ! �� s� r

thenΘ � s̄ � r̄ :
$&� ���"�

∆.

Proposition4.4(Inf ormation Order Closure)

If
�
∆ � C : Θ

� � �s � and∆ � r � s:
$&�	���(�

Θ

then
�
∆ � C : Θ

� � �r � .

In thefull versionof this paper, we de�ne a component� 
=���#: �
∆ � s:

$&� ���"�
Θ

�
for any typedtrace∆ � s:

$&� ���"�
Θ,

andshow thefollowing resultsaboutit.

Lemma 4.5 If ∆ � s:
$&� ���"�

Θ
then∆ � � 
=���#: �

∆ � s:
$&�	���(�

Θ
�

: Θ.

Proposition4.6(De�nability) For any∆ � s:
$&�	���(�

Θ
wehave

�
∆ � � 
#���#: �

∆ � s:
$&� ���"�

Θ
�

: Θ
� � �r �

if andonly if ∆ � r � s:
$&�	���(�

Θ.

Thede�nition of
� 
#���#: �

∆ � s :
$&�	���(�

Θ
�

is ratherlengthy
soratherthanpresentingit in full detailherewe simply of-
fer an indicationof how it is constructed.Firstly, we con-
struct two objectscalled

A��"�
and � $4�2$.� . The former con-

tainsa �eld holdinga pointerto thelatter. TheStateobject
providestype-indexedfamiliesof methodscalled


#%2$
,
*��?A��	�

$&%0� �
, and

*�� � �����
. We alsoprovide objectandthreadde�ni-

tionsfor all thosereferencesfor which thetypedemandsit,
i.e. thosein Θ. Theobjectde�nitions providemethodsac-
cordingto theobjecttypes,wherethemethodbodiessimply
indirectly re-routeall calls to the appropriate� $4�2$.��
�*�� � �����

.
Thethreadde�nitions make indirectcallsto � $4�2$.��
 
=%�$

. It it
throughthesethattracesarebegun.

Thebodiesfor the

=%�$

,
*��?A
�($&%0� �

, and
*�� � �����

methodsde-
pendon the next action in the tracewe areproviding de-
�nability for. For instance,if the next action to be per-
formedis anoutputn

���(�����
p
�
l
���
v
���

! thenall of thebodieswill
bea stoppedthreadsave for


#%2$
which will have a method

bodywhichwill checkthatthecallingthreadis n and,if so,

update
A��"�

to point to a new � $4�2$.� objectwhich will per-
form thenext actionin thetrace.It will thenindirectly call
� $4�2$.��
�*��?A
�($&%0� �

with theresultof calling p
�
l
���
v
�
(ondangling

p) to listen for an input interaction(cf. the labelledtran-
sition rule for output,any subsequentactionat this thread
mustbe an input). Having successfullyobservedan input
interaction,the line of interrogationin this threadis com-
pletesoit mustresetitself by returningto astatein which it
makesan indirectcall to � $4�2$.��
 
#%2$

. Similar de�nitions are
givenfor eachtypeof action.

We provide no synchronisationin the
� 
=���#: �

∆ � s :$&�	���(�
Θ

�
componentso that thereis no guaranteethat the

reductionswill follow theprecisesequenceof callsneeded
to exhibit the trace. However, with respectto may testing,
this is irrelevant as we are only looking for one possible
successfulsequenceof execution.We do guaranteetheex-
istenceof this in Proposition4.6.

Theorem4.7(Completenessof tracesfor may testing)
If ∆ � � C1 �� may C2 : Θ
then 
 � ���"��8(�

∆ � C1 : Θ
��� 
 � ���"��8(�

∆ � C2 : Θ
�
.

Proof: Chooseany traces1 suchthat:
�
∆ � C1 : Θ

� � �s1 � �
∆ 	 � C	1 : Θ 	 �

By Proposition4.2we have that∆ � s1 :
$&� ���"�

Θ, andso
by Lemma4.1wehave thatΘ � s̄1 :

$&� ���"�
∆.

Pick a freshb :
����� �

andlet ω! be:

ω! � ν
�
n :

$&6��	�����1�=�
n
���(�����

b
� 8(%����������

!

andlet C0 be:

C0 � � 
=���#: �
Θ � b :

������� � s̄1ω! :
$&� ���"�

∆
�

Thenby Proposition4.6we have:

�
Θ � b :

������� � C0 : ∆
� � � s̄1 � �

Θ 	 � b :
����� � � C	0 : ∆ 	 � ω!�

and so C	0 � b. Thus, by Lemma3.1, Proposition3.3, and
Lemma3.2wehave

�
C1 � C0

� � b, andso
�
C2 � C0

� � b which
meansthat

�
C2 � C0

� �
C	 	�� b. Thus, by Lemma3.1 and

Proposition3.3we can�nd s2 suchthat:

�
∆ � b :

������� � C2 : Θ
� � �s2 � �

∆ 	 	 � Φ 	 	 � C	 	2 : Θ 	 	 � Σ 	 	 �
�
Θ � b :

������� � C0 : ∆
� � � s̄2 � �

Θ 	 	 � Φ 	 	 � C	 	0 : ∆ 	 	 � Σ 	 	 �

where:ν
�
∆ 	 	 � Θ 	 	 � Σ 	 	 � Φ 	 	 � ∆ � Θ � b :

����� ���=�"�
C	 	2 ' C	 	0 ���

C	 	 .
SinceC	 	�� b and we choseb to be fresh, we have that

C	 	0 � b andhence:
�
Θ � b :

����� � � C0 : ∆
� � �s̄2ω!�

soby Propo-
sition 4.6: Θ � b :

������� � s̄2ω! � s̄1ω! :
$&� ���"�

∆ and so by
Lemma4.3andweakening:∆ � s1 � s2 :

$&�	���(�
Θ. Thus,by

Proposition4.4 we have:
�
∆ � C2 : Θ

� ���s1 � �
∆ 	 � C	2 : Θ 	 �

asrequired. �



5. Restrictedsub-languages

Theproof techniquesuseto obtainfull abstractionhere
arequiterobustandcanalsobecarriedoutfor two restricted
sub-languages:

1. Thesingle-threadedsub-languageis givenby only al-
lowing onenameof type

$&6��/�2���
, and removing new

threadcreationfrom theexpressionlanguage.Thede-
�nability resultfor Proposition4.6doesnotusethread
creation,so theproof of full abstractiongoesthrough
with only minorchangesto theproofof Theorem4.7.

2. The sub-languagewith only �eld update (and no
methodupdate)can be given the sametraceseman-
tics. The de�nability result for Proposition4.6 only
uses�eld update,andso the proof of full abstraction
goesthroughunchanged.

Thus,not only do we have a full abstractionresult for the
concurrentobjectcalculus,wecanalsospecialisetheresults
to becomefull abstractionresultfor otherrelatedlanguages.

One changewhich cannot easily be made is to re-
movetherestrictionthatcomponentsbewrite closed,since
method,andeven�eld, updatesarenotgenerallyexternally
observable. It is unlikely that traceswhich representwrite
interactionswill be de�nable in the currentsense. How-
ever, we dobelieve thattherestrictionto write closedcom-
ponentsis a reasonableone,sinceit correspondsto existing
`bestpractice'for componentdesign.

6. Conclusionsand futur e work

In this paperwe have presentedthe �rst fully abstract
semanticsfor concurrentobjects. The semanticsis fairly
simple,andcorrespondsloosely to someof the messages
usedin UML interactiondiagrams.We doneedto roadtest
thetracesemanticswith somereasonablysizedexamplesto
demonstratethatthecalculationof tracesis tractable.

Thereareanumberof issuesleft open:
D Oursemanticshasmuchof the�a vourof gameseman-

tics[2, 13], andthisconnectionshouldbeinvestigated.

D The tracesemanticscharacterisemay testing, rather
than the more commonmust testingor bisimulation
equivalence.

D The object calculuspresentedheredoesnot include
subtyping. We believe that the techniquesof [11]
shouldbeapplicableto theprovisionof afully abstract
semanticsevenin thepresenceof subtyping.
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