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ExtendedAbstract

Abstract. F� is a typed l -calculus with subtyping and
bounded polymorphism. Typechecking for F

�
is known to

be undecidable, becausethe subtyping relation on types is
undecidable. Fµ � is an extensionof F� with recursive types.
In this paper, weshowhowsymbolic labelled transition sys-
temtechniquesfromconcurrency theory canbeusedto rea-
sonabout subtypingfor Fµ �

. Weprovide a symbolic labelled
transition system for Fµ � types, togetherwith an an appro-
priatenotion of simulation, which coincideswith theexisting
coinductivede�nition of subtyping. Wethenprovidea `simu-
lation upto' techniquefor proving subtyping, for which there
is a simplemodelcheckingalgorithm. Thealgorithm is more
powerful thantheusual onefor F� , for exampleit terminates
on Ghelli's canonical example of nontermination.

1 Intr oduction

Symbolic labelled transition systems[11] have beenused in
concurrency theory to provide �nite- staterepresentations of
in�nite systems. They have beenusedto model-check sys-
tems with data dependencies, where the n̈�ave statespace
exploration techniquewould producean in�nite statespace,
andsonot terminate.

In this paper, we apply symbolic lts techniquesto a new
problem area: thatof deciding subtyping for polymorphic l -
calculi.

Subtypingandpolymorphism. CurienandGhelli's [5] F
�

is a typed l -calculus with boundedpolymorphism andsub-
typing. It is basedon BruceandLongo's [2] developmentof
Cardelli andWegner's [3] Fun language.

The most interesting rule in F� is that for subtyping of
polymorphictypes:

G � T2 �

T1 G� X
�

T2 � U1 �

U2

G ����� X
�

T1 	

U1 
��

��� X
�

T2 	

U2 


(Full F� )

This is a strongerrule thantherule usedin Fun, which is:

G� X
�

T � U1 �

U2

G ����� X
�

T
	

U1 
��

��� X
�

T
	

U2 


(KernelF
�
)

It is routine to develop an algorithm to check the subtyping
property of KernelF

�
, but subtyping for Full F

�
hasturned

out to be surprisingly complex. CurienandGhelli [5] gave
analgorithm for checking subtyping,with acorrectnessproof
providedby Ghelli [7]. Later, Ghelli [9] showedthat this al-
gorithm is not guaranteed to terminate. Pierce[14] showed
that Ghelli's example of nontermination canbe generalized
to codeaTuring machine,andsosubtyping (andhence type-
checking) for F� is undecidable.

Subtyping and recursive types. Recursive types are a
commonprogramming languagefeature, typi�ed by ML's


��������������

construct. Amadio and Cardelli [17] investi-
gatedtherelationshipbetweensubtypingandrecursivetypes.
BrandandHenglein [1] reformulatedsubtyping in termsof
coinductive relationson types, which we will usehere. The
coinductive presentation of type systems for subtyping in
the presenceof recursive typeshasbeenusedby Pierceand
Sangiorgi [16] for the p-calculus, Turner [20] for Pict and
Sewell [19] for a distributedp-calculus. A good introduction
is by Gapeyev, Levin andPierce[6].

Ghelli [8] hasinvestigatedthe relationship betweensub-
typing, recursive typesandpolymorphic types, in the recur-
sive extensionto F

�
, calledFµ �

. He hasshown a number of
surprising results: adding recursionto F� is notconservative,
andFµ � doesnot satisfy thetransitivity elimination property.
Theseresults are for the inductive de�ni tion of subtyping,
however, whereherewe look at the coinductive de�ni tion,
which is muchbetterbehaved.ColazzoandGhelli have pro-
videdanalgorithm for deciding subtyping of KernelFµ � [4]:
muchof this paperis basedon thatalgorithm.

Symbolic labelled transit ion systems. Labelledtransition
systemsarea form of nondeterministic automaton,whereall
statesareconsideredto be accepting states. They werepro-
posed by Milner [12, 13] asan appropriate model for con-
currentsystems.They have sincebeenusedto modelhigher-
order computation, for exampleGordon's [10] lts modelof
thesimply-typed l -calculus.
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Oneproblem with lts modelsis that they canproduce in-
�nite modelsof systemswhich should be �nite-state. For
example, theprocessde�ned:

P �

���

� x :
��� �




; ���

�

� x � 1



;P

hastransitions:

� P



	 
��

n


�

�����

�

� n � 1



;P



�����

�

n� 1


�

� P



for every integer n and so is in�nit e-state. Hennessy and
Lin [11] proposedusing symbolic labelled transition sys-
temsas an appropriate �nitary representation. A symbolic
lts includesfreevariables,soratherthanhaving nodesbeing
closed processes,andedgeslabelledwith closedexpressions,
thenodesareprocessestogetherwith their freevariables,and
theedgesarelabelled with openexpressions.For example:

� � P



	 
��

x:
	 


�




�

� x :
��� �

�����

�

� x � 1



;P



�����

�

x� 1


�

� x :
��� �

� P



Unfortunately, thissystemis still in�nite -state, sincethecon-
text cangrow unboundedly:

� � P



	 
��

x:
	 


�




�

� x :
��� �

�����

�

� x � 1



;P



� x :
��� �

� P



	 
��

x� :
	 


�




�

�����

�

x� 1


�

� x :
��� �

� x� :
��� �

�����

�

� x��� 1



;P



� x :
�����

� x� :
�����

� P



�����

�

x��� 1


� �����

For this reason, symbolic techniques often work `up to
garbage collection' whereunneededfreevariablescanbere-
movedfrom thecontext. For example, theabove processcan
begivena �nite symbolic representationas:

� � P



	 
��

x:
	 


�




�

� x :
��� �

�����

�

� x � 1



;P



� x :
��� �

� P



�����

�

x� 1


�

 �!

�

x:
	 


�




"

Symbolic lts's have been usedto provide �nite-state repre-
sentationsof systemsthat would otherwise bein�nit e-state.

Contrib utions of this paper. In this paper, we apply the
techniques of symbolic labelled transition systems to the
problem of subtyping Fµ � . In particular, we:

# Give an alternative characterization of subtyping for
Fµ � , aspolar simulation for anappropriatesymbolic lts.

# Usea variant of Milner andSangiorgi's [18] bisimula-
tion up to methodto give a soundproof technique for
subtyping.

# Provide an algorithm for �nding an appropriate polar
simulation, if oneexists.

# Show that the algorithm is partially correct: if it termi-
nates, it doessowith theright answer.

# Show that the algorithm is strictly morepowerful than
the standardalgorithm for F� , andat least aspowerful
asColazzoandGhelli's algorithm for KernelFµ �

.

Acknowledgements. I would like to thank Benjamin
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about this material. DonaldKnuth's TEX typesetting system,
Leslie Lamport et al.'s LATEX documentmarkup language,
andPaul Taylor's diagramspackagewereusedin theprepa-
ration of this paper.

2 The type systemof F� $

In this section, we review the types system used in
Ghelli's [8] Fµ � . Therearesomeminor syntacticdifferences
between the typespresentedhereandGhelli's, but they are
equally expressive. Wehaveaddedtypeconstantssuch as

��� �

and %

� �'&

to the language,to make examples clearer, they are
not required for any of thetechnical development.

Let K rangeover a �nite collection of typeconstants,such
as

��� �

and %

� �(&

. Thesyntax of typesis given:

T � U � V :: � T ) U *,+-�

�

* K * � X
�

T
	

U * � � X
	

T * X

De�ne thefreevariablesof a typeas:

.0/

� T



�

.1/

�

� T

32

.1/54

� T



wherethepolarizedfreevariablesare:

.0/76

� T ) U



�

.0/(8

� T

32

.0/76

� U



.0/
6

��+-�

�




�

/0
.1/76

� K



�

/0
.0/56

��� X
�

T
	

U



�

.1/(8

� T

32

�

.0/76

� U

39;:

X <




.1/
6

� � � X
	

T



�

.0/
6

� T

39;:

X <

.1/

�

� X



�

:

X <

.1/
4

� X



�

/0

A typecontextis a sequenceof variableswith typebounds:

G� D :: � X1 �

T1 �

	 	 	

� Xn �

Tn

whereweignore theorder of bindings.Thedomainof acon-
text




��= � G



is de�ned:




��= � X1 �

T1 �

	 	 	

� Xn �

Tn 


�

:

X1 �

	 	 	

� Xn <

2



WhenX �




��= � G



wede�ne G� X



as:

� G� X
�

T



� X



� T

Thewell-formedcontext judgmentG ��� is de�ned:

/0 ���

G � T

G� X
�

T ���

�

X ��




��= � G

��

wherethewell-formedtypejudgmentG � T is de�ned:

G � T G � U

G � T ) U

G ���

G ��+-�

�

G ���

G � K

G� X
�

T � U

G � � X
�

T
	

U

G� X
�

T ���

G� X
�

T � X

G� X
�

+ �

�

� T

G � � � X
	

T

�

X ��

.0/ 4

� T



� T �� Y
�

Notethatwe have required X to occur positively in T in any
recursive type � � X

	

T, and that we cannot form recursive
types of theform � � X

	

Y. Theserestrictions do not limit the
expressive power of the typesystem,since for any T � X




we
can�nd T

�

� X � X
�




suchthat:

T � X



� T
�

� X � X



X ��

.1/
4

� T
�

� X � X
�


 


X
�

��

.0/

�

� T
�

� X � X
�


 


thenwe cande�ne:

�X
	

T � X



� � � X1 	

T �
� X1 � � � X2 	

T �
� X2 � X1 
 


andwecangiveagreatest�x edpointsemantics for �X
	

T as:

�X
	

Y �

�

+-�

�

if X � Y
Y otherwise

We de�ne a-equivalence on well-formed types as (when
Y ��




��= � G



):

� G� X
�

U � T



�5�5�

Y 	 X
� G

�

Y 
 X
�

� Y
�

U � T
�

Y 
 X
� 


We assume an ordering K1 �

K2 on type constants,for ex-
ample

�����

�

%

� �'&

. This is extendedto an inductivesubtyping
judgmentG � T1 �

T2 de�ned:

G � T
�

T

G � T2 �

T1 G � U1 �

U2

G ��� T1 ) U1 
��

� T2 ) U2 


G � T
�

+-�

�

K1 �

K2

G � K1 �

K2

G � T2 �

T1 G� X
�

T2 � U1 �

U2

G ����� X
�

T1 	

U1 
 �

��� X
�

T2 	

U2 


G � G� X

��

T

G � X
�

T

G � T1
�

� � � X
	

T1 



 X
� �

T2

G ��� � � X
	

T1 
 �

T2

G � T1 �

T2
�

� � � X
	

T2 



 X
�

G � T1 �

� � � X
	

T2 


A well-formedrelation on types R is a relation R on well-
formed types G � T such that if � G1 � T1 


R � G2 � T2 


then G1 � G2. We shall often write G � T1 R T2 when
� G � T1 


R � G � T2 


. For example, the inductive subtyping
relation

�

givesa well-formedrelation on types:

G � T
�

U iff G � T
�

U

We regard well-formed relations on types up to a-
equivalence,sowe cancomplete thediagram:

� G � T


�

R
�

� G � U



� G� � T �




Y 	 X �

�

�

�

�

� G� � U �




Y 	 X �

�

�

�

�

as

� G � T


�

R
�

� G � U



� G� � T �




Y 	 X �

�

�

�

�

�

R
�

� G� � U �




Y 	 X �

�

�

�

�

A well-formedrelation on typesR is sound for subtyping if,
for every instantiated subtyping rule:

G1 � T1 �

U1

�����

Gn � Tn �

Un

G � T
�

U

we have:

if G1 � T1 R U1 and
	 	 	

andGn � Tn R Un thenG � T R U

A well-formedrelation on typesR is consistentwith subtyp-
ing if it is sound for subtyping, andwheneverG � T R U we
can�nd aninstantiated subtyping rule:

G1 � T1 �

U1

�����

Gn � Tn �

Un

G � T
�

U

such that:

G1 � T1 R U1 and
	 	 	

andGn � Tn R Un

Let the coinductivesubtyping relation � be the largestrela-
tion consistentwith subtyping.

Proposition 1
�

is thesmallest relation consistent with sub-
typing, andso

���

� .

3 Moti vation for the symbolic lts semanticsfor F� $

Thispaperprovidesanalternativecharacterizationof subtyp-
ing for Fµ �

, using a symbolic labelled transition system. By
recastingcoinductivesubtyping asanlts, it is possibleto use
existing tools from concurrency theory, notably Milner and
Sangiorgi's bisimulation up to technique.

The lts haswell-formedtypes asnodes, andedgeswhich
re�ect the structureof the type. For example, the +-�

�

type
hasno transitions:

� G ��+-�

�




a



�

� G�
� T �
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andthetypeconstantshave transitions with their name:

� G �

��� �




	 


�

�

� G � + �

�




� G � %

� �'&


 �

�����

�

� G ��+-�

�




We canthink of the subtyping relation asa simulation [13]
relation: if T is a supertype of U then any transition of T
must have a matching transition from U. For examplewe
cancomplete thefollowing diagram:

� � %

� �'&


 �

�

�

� �

��� �




� ��+-�

�




�

������� as

� � %

� �(&


 �

�

�

� �

�����




� ��+-�

�




�

�������

�

�

�

� ��+-�

�




	

�

�����




�

�

�

We de�ne the `matching transition relation' �3�

�

a �

formally
in Section4, for themomentwe will just saythat it includes
a

� , but alsoincludes:

� G �

��� �




���

	

�

�����

�

� G ��+-�

�




This notion of a `matching transition relation' is standardin
processcalculi, where it is usedto de�ne weak bisimula-
tion [13]. In general, asimulation 
 is awell-formedrelation
on typeswherewe cancomplete thediagram:

� G � T1 
 �

�

�

� G � T2 


� G
�

� T
�1 


a � as

� G � T1 
 �

�

�

� G � T2 


� G
�

� T
�1 


a �

�

�

�

� G
�

� T
�2 


�

a



�

�

�

Function types have domainandcodomaintransitions:

� G � T ) U



� G � T



�

���

�

� G � U



!

�

�

�

Sincefunction typesarecontravariant in their �rst argument
andcovariant in their second argument,we introducepolar-
ity to labels:




��= is negative polarity, and � �




is positive
polarity. This is important whenwe consider the subtyping
relation, for example:

� �

�����

) %

� �(&


 �

�

�

� � %

� �'&

)

��� �




� �

�����



�

�

�

�

���

�

� � %

� �'&




	

�

���

���

�

�

�

�

� � %

� �'&




!

�

�

�

�

�

�

� �

�����




	

!

�

�




�

�

�

�

�

�

�

�

Notethataftera



��= transition, thesubtyping relation is in-
verted, but after a � �




transition, it is not. A well-formed

relation 
 is a polar simulation if it actsasa simulation on
positive labels, andon negative labelswe cancomplete the
diagram:

� G � T1 
 �

�

�

� G � T2 


� G� � T �1 


a �

� as

� G � T1 
 �

�

�

� G � T2 


� G� � T �1 


a �

�

�

�

�

� G� � T �2 


�

a
�




�

�

�

To copewith recursivetypes, weallow silent actionst , where
recursive typescansilently unwind:

� G � � � X
	

T



t
�

� G � T
�

� � X
	

T 
 X
� 


For example, if we de�ne:

T � � � X
	

��� �

) X U � � � Y
	

��� �

) %

� �'&

) Y

thenwe have a polar simulation for T 
 U, sincewe de�ne
thematching transition relation to ignoret actions:

� �

��� �


 �

�

�

� �

��� �




� �

��� �

) T

 �

�

�

�

��� �

� �

�����

) %

� �'&

) U



	

�

���

���

�

�

�

�

�

�

�

� � T


�

�

�

!

�

�

�

� � %

� �'&

) U



	

!

�

�

 �!

!

!

!

!

!

!

!

� �

��� �

) T



t �

�

�

�

� � %

� �'&

) U



�

t



�

�

�

� �

��� �




�

����

�

�

�

� � %

� �'&




	

�

���




�

�

�

� � T



t

"

�

�

�

!

�

�

#

� � U



�

t

$

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

!

�

�

%

%

%

%

%

%

%

%

%

%

%�&

Since we are giving a semantics for types with free vari-
ables, we needto give variables transitions: they caneither
announcethemselves,or behave like their bound:

� G � X



� G � + �

�




X

'

� G � G� X

 


t (

For example, X
�

��� �

�

�����


 X since:

� X
�

��� �

�

��� �



�

�

�

� X
�

�����

� X



� X
�

��� �

� + �

�




	 


�

�

�

�

�

� X
�

��� �

��+-�

�




�

	 


�




�

�

�
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Finally, we areleft with themeatof theproblem: modelling
bounded polymorphism. Modelling Kernel Fµ � is not too
dif�cult , we just addtransitionswhich revealthestructureof
a polymorphictype:

� G � � X
�

T
	

U



� G � T



�

���




�

�

� G� X
�

T � U



�

X � T

�

For example,����� X
�

�����

	

��� �





 ��� X
�

�����

	

X



since:

� � � X
�

��� �

	

�����


 �

�

�

� � � X
�

��� �

	

X



� �

��� �


 �

�

�

�

���




�

�

� �

��� �




�

�

���




�

���

�

�

�

�

�

� X
�

��� �

�

�����




�

X �

	 


�

�

�

�

�

� X
�

��� �

� X



�

�

X �

	 


�




�

�

�

�

�

�

�

�

In order to model Full Fµ �
, however, we have to allow the

bound of a polymorphictype to vary. We do this by adding
anadditionaltransition to thematching transition relation:

� G � � X
�

T
	

U



�5�(�

�

�

X � V�
� G� X

�

V � U



For example,����� X
�

�����

	

��� �





 ��� X
�

%

� �'&

	

X



since:

� � � X
�

��� �

	

�����



�

�

�

� � � X
�

%

� �'&

	

X



� �

��� �



�

�

�

�

���




�

�

� � %

� �'&




�

�

���




�

	�

















� X
�

��� �

�

�����




�

X �

	 


�

�

�

�

�

� X
�

��� �

� X



�

�

X �

	 


�




�

�

�

�

�

�

�

�

In general, since �5���

��


is a negative label, it is easyto see
that the foll owing diagrammodels theFull Fµ �

rule for sub-
typing boundedpolymorphism:

� G � � X
�

T2 	

U2 

�

�

�

� G � � X
�

T1 	

U1 


� G � T2 

�

�

�

�

���




�




� G � T1 


�

�

���




�

���

�

�

�

�

�

�

� G� X
�

T2 � U2 


�

X � T2

�

�

�

�

� G� X
�

T2 � U1 


�

�

X � T2




�

�

�

�

�

�

�

�

As a �nal example,weconsiderGhelli's [9] exampleof non-
termination of thestandardalgorithm for F� subtyping:

G � � X
	��

��� Y
�

X
	��

Y



wherewe write
�

T asshorthandfor T ) +-�

�

, and � X
	

T as
shorthandfor � X

�

+-�

�

	

T. Ghelli's example is to verify:

X0 �

G ����� X1 �

X0 	��

X1 



 X0

If wede�ne:

Gn � X0 �

G � X1 �

X0 �

	 	 	

� Xn �

Xn 4 1

Gn � � Xn� 1 �

Xn 	��

Xn� 1

thenGn � Gn 
 Xn for every n since:

...

� Gn � Gn 





�

�

�

�

�

�

� Gn � Xn 


�

� G � Xn 
 �

�

�

�

���




�

�

� G ��+-�

�




�

�

���




�

���

�

�

�

�

�

�

� Gn� 1 �

�

Xn� 1 


�

Xn� 1 � Xn

�

�

�

�

� Gn� 1 �

�

Gn� 1 


�

�

Xn� 1 � Xn




�

�

�

�

�

�

�

�

� Gn� 1 � Xn� 1 


�

��� �

�

�

�

� Gn� 1 � Gn� 1 


	

�

���




�

�

�

...

In particular, G0 � G0 
 X0, which is Ghelli'sexample. Note,
however, thatin orderto showthis subtyping, wehadto con-
struct an in�nite simulation: we cannot just usethis lts di-
rectly in a model checker to get an algorithm for deciding
subtyping of Fµ �

. Wewill return to thisproblemin Section5.

4 De�nition of the symbolic lts semanticsfor F� $

Wenow provideformalde�nit ionsfor thematerialdiscussed
in Section 3. Thesyntaxof positivelabels a� , negative labels
a

4

andlabels a aregiven:

a � :: � t *




��= * � X
�

T * X

a
4

:: � � �




*��5���

� 


a :: � a �

* a
4

Thesymbolic lts
a

� is de�ned:

� G � T ) U



�

���

�

� G � T



� G � T ) U



!

�

�

�

� G � U



� G � K



K
�

� G ��+ �

�




� G � � X
�

T
	

U



�

���




�

�

� G � T



� G � � X
�

T
	

U



�

X � T
�

� G� X
�

T � U



� G � X



X
�

� G ��+ �

�




� G � X



t
�

� G � G� X

 


� G � � � X
	

T



t
�

� G � T
�

� � X
	

T 
 X
� 
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Thesymbolic lts
�

a
� is de�ned:

� G � T ) U



	

�

���

�

� G � T



� G � T ) U



	

!

�

�

�

� G � U



� G � K



�

K
�

�

� G ��+-�

�




� whenK
�

K
�




� G � � X
�

T
	

U



�

�

���




�

�

� G � T



� G � � X
�

T
	

U



�

�

X � V
�

� G� X
�

V � U



� G � X



�

X
�

� G ��+-�

�




� G � X



�

t
�

� G � G� X

 


� G � � � X
	

T



�

t
�

� G � T
�

� � X
	

T 
 X
� 


� G � T



�

t
�

� G � T



We write � �

�

for thetransitive re�exive closure of
t

� :

� G � T



t
�

�����

t
�

� G
�

� T
�




� G � T



� �

�

� G
�

� T
�




Wewrite � �

a
�

for thetransition
a

� ignoring t actions`on

theleft', andsimilarly for � �

�

a �

:

� G � T



� �

�

�

a
�

� G
�

� T
�




� G � T



� �

a �

� G
�

� T
�




� G � T



� �

�

�

�

a
�

� G
�

� T
�




� G � T



� �

�

a
�

� G
�

� T
�




A polar simulation R is awell-formedrelation ontypessuch
thatwe cancomplete thediagram:

� G � T1 

�

R
�

� G � T2 


� G� � T �1 


a �

� as

� G � T1 
 �

R
�

� G � T2 


� G��� T �1 


a �

�

�

R �

�

� G� � T �2 


�

a
�




�

�

�

wherewe write R
6

for:

� G � T



R � G � U



� G � T



R �

� G � U



� G � T



R � G � U



� G � U



R
4

� G � T



Let 
 bethelargest polar simulation.

Proposition 2 
 is a preorder.

Proposition 3 G � T 
 U iff G � U � T.

5 Moti vation for polar simulation up to polarized
substitution

We have now given an alternative characterization of coin-
ductive subtyping of Fµ � , but this doesnot directly give us
any bene�ts. Wecannow usestandardmodel-checking tech-
niques to check subtyping, but theseonly terminate when
they �nd a �nite polar simulation. As the Ghelli's example
(discussed in Section3) shows,wecanconstructtypeswhich
generateanin�nite polarsimulation.

In thissection,weshallprovideaproof techniquebasedon
Milner andSangiorgi's [18] bisimulation up to methodology,
which can be usedto �nd �nite representations of in�nite
polar simulations. It is basedon the requirementto �nd �-
nitesymbolic graphsfor processtermsin HennessyandLin' s
work [11].

Polar simulation up to garbage collection. De�ne the
garbage collection relation on well-formedtypesasdiscard-
ing unusedtypevariables,for example:

� X
�

��� �

� Y
�

%

� �'&

� X



 �!

�

Y �

�

�����




�

� X
�

�����

� X



We canusepolar simulation up to garbagecollectionto pro-
vide �nite proofs of subtyping, for exampleif we de�ne:

T � � � X
	

� Y
�

��� �

	

X U � � � X
	

� Y
�

%

� �'&

	

X

thenwehave a �nite proof that � T 
 U givenby:

� �

��� �



�

�

�

� � %

� �'&




� � � Y
�

��� �

	

T



�

�

�

�

���




� �

� � � Y
�

%

� �'&

	

U



�

�

���




�

���

�

�

�

�

�

�

� Y
�

��� �

� T



�

Y �

	 


� �

� Y
�

�����

� U



�

�

Y �

	 


�




�

�

�

� � T



�

�

�

t

�

 �!

�

Y �

	 


�


 �

� � U



�

t

�

�

�

�

�

�

�

�

�

�

�

� �

 �!

�

Y �

	 


�




�

which providesus with a �nite representation of the proof
that � T 
 U. Polarsimulation up to garbage collection is
a sound proof technique, but it doesnot copewith Ghelli's
example,sincethereareno unusedtypevariables.

Polar simulation up to substitution. Our next failed at-
temptto �nd a proof techniquegeneralizes thenotion of po-
lar simulation upto garbagecollection,by observing thatone
canoften replacea typevariable by its bound, for example:

� X
�

�����

� Y
�

X � X ) Y



	

�

X �

	 


�




�

� Y
�

�����

�

��� �

) Y
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We can try to use this to show subtypings, for example
Ghelli'sG0 � G0 
 X0 from Section3 hasa �nite polar simu-
lation up to substitution:

� G0 � X0 
 �

�

�

� G0 ��+-�

�




� G0 � � X1 �

X0 	��

X1 


�

���




�

"

�

�

�

� G0 � X0 


�

�

���




�

$

�

�

�

� G1 �

�

X1 


�

X1 � X0
�

� G1 �

�

� X2 �

X1 	 �

X2 


�

�

X1 � X0



�

�

�

� G0 �

�

X0 


	

�

X1 � X0 


�

�

�

�

�

���

�

� G0 �

�

� X1 �

X0 	 �

X1 


	

�

X1 � X0 


�

	

�

���

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

Unfortunately, polar simulation up to substitution is not a
sound proof technique,for example:

� � � X
�

��� �

	

X

 �

�

�

�

� � � X
�

��� �

	

�����




� X
�

�����

� X



�

X �

	 


� �

� �

��� �



�

�

�

�

���




�

�

� �

��� �




�

�

���




�

���

�

�

�

�

�

� X
�

��� �

�

�����




�

�

X �

	 


�




�

�

�

� �

�����




	

�

X �

	 


�




�

�

�

�

� �

��� �




	

�

X �

	 


�




�

As this exampleshows, we cannot always just replace type
variables by their bounds,andexpect to get a valid subtype
relationship.

Polar simulation up to polar substitution. Thetechnique
we adopt in this paper is a re�nement of polar simulation up
to substitution. Thecrucial observation is that polar simula-
tion up to substitution is sound, as long aswe only replace
negative occurrences of variables in thesupertype,andposi-
tive occurrencesof variablesin thesubtype.

De�ne the positive substitution relation as replacing any
positive occurrencesof a typevariable by its bound, andun-
de�ned if thereareany negative occurrences, for example:

� X
�

��� �

� Y
�

X � Y ) X



	

�

�

X �

	 


�




�

� Y
�

�����

� Y )

�����




� X
�

��� �

� Y
�

X � X ) Y



	

�

�

X �

	 


�







�

� Y
�

�����

�

��� �

) Y



andthenegativesubstitution relation similarly (but notethat
we alwayssubstitute positively in thetype context):

� X
�

�����

� Y
�

X � X ) Y



	

�

�

X �

	 


�




�

� Y
�

��� �

�

�����

) Y



Thenapolar simulation upto polar substitution is onewhere
we areallowedto usenegative substitution in thesupertype,

and positive substitution in the subtype. For example,we
now have a valid �nite proof of Ghelli's example:

� G0 � X0 
 �

�

�

� G0 ��+-�

�




� G0 � � X1 �

X0 	��

X1 


�

���




�

"

�

�

�

� G0 � X0 


�

�

���




�

$

�

�

�

� G1 �

�

X1 


�

X1 � X0
�

� G1 �

�

� X2 �

X1 	��

X2 


�

�

X1 � X0



�

�

�

� G0 �

�

X0 


	

�

�

X1 � X0 


�

�

�

�

�

���

�

� G0 �

�

� X1 �

X0 	��

X1 


	

�

�

X1 � X0 


�

	

�

���

���

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

andthe counterexample for polar simulation up to substitu-
tion is no longer a counterexample, becauseit doesnot use
substitution with theright polarity.

Polarsimulation up to polar substitution is theproof tech-
niquewe adopt for therestof this paper.

6 De�nition of polar simulation up to polar
substitution

Let thegarbagecollectionrelation � G � T



 �! D
�

� G
�

� T
�




be:

� G� D � T



 �! D
�

� G � T



(whenG � T)

Let R bea polarsimulation up to garbage collectionwhen-
ever we cancompleteany diagram:

� G � T1 
 �

R
�

� G � T2 


� G��� T �1 


a �

� as

� G � T1 

�

R
�

� G � T2 


� G�
� T �1 


a �

�

� G�
� T �2 


�

a
�




�

�

�

� G� �
� T � �1 


 �! D �

�

R �

�

� G� �
� T � �2 


 �! D�

De�ne a polar substitution T
�

U 
 X
�

6

as:

T
�

U 
 X
�

6

� T
�

U 
 X
�

(whenX ��

.0/
8

� T



)

De�ne a polar context substitution T
�

D
�

6

as:

T
�

/0
�

6

� T

T
�

D� X
�

U
�

6

� T
�

U 
 X
�

6

�

D
�

6

(whenX ��

.0/

� D



)

De�ne apolar substitutionrelation � G � T



	

� D
�

� G
�

� T
�




as:

� G� D � T



	

� D
�

� G
�

D
�

�

� T
�

D
�

6
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Notethat polarsubstitution generalizes garbage collection:

if � G � T



 �! D
�

� G
�

� T
�




then � G � T



	

� D
�

� G
�

� T
�




Let R be a polar simulation up to polar substitution when-
ever wecancomplete any diagram:

� G � T1 
 �

R
�

� G � T2 


� G� � T �1 


a �

� as

� G � T1 
 �

R
�

� G � T2 


� G� � T �1 


a �

�

� G��� T �2 


�

a
�




�

�

�

� G� � � T � �1 


	�� D
�

�

R �

�

� G� ��� T � �2 


	

� D
�

We can thenshowthat polar simulation up to polar substi-
tution (andhence up to garbage collection) is a soundproof
technique.

Proposition 4 If R is a polar simulation up to polar substi-
tution andG � T R U thenG � T 
 U.

7 An algorithm for �nding polar simulation up to
polar substitution

Polar simulation up to polar substitution gives us a proof
technique for showing subtyping, which caneasily be con-
vertedinto a modelchecking algorithm. SinceFµ �

is deter-
ministic, a simplebreadth-�rst search algorithm is suf�cient .
The algorithm is given in Figure 1. The invariants for the
while loop in thealgorithm are:

1. EitherG0 � T0 R U0 or G0 � T0 SU0.

2. R is a polar simulation up to polar substitution modS.

3. If G0 � T0 
 U0 then � R
2

S

 �


 .

whereR is a polarsimulation up to polarsubstitution modS
whenever we cancomplete any diagram:

� G � T1 

�

R
�

� G � T2 


� G�
� T �1 


a �

� as

� G � T1 
 �

R
�

� G � T2 


� G� � T �1 


a �

�

� G� � T �2 


�

a
�




�

�

�

� G� � � T � �1 


	
� D

�

�

R ��� S �

�

� G� ��� T � �2 


	

� D
�

It is not too dif�cul t to establish partial correctnessof this
algorithm, by establishing Invariants1–3:

function suptype � G0 � T0 � U0 
;:

let R �

/0;

let S �

:

G0 � T0 SU0 < ;

while � S ��

/0

;:

let S
�

�

/0;

foreach � G1 � T1 SU1 
;:

foreach � G1 � T1 


a �

�

� G2 � T2 
;:

if � a
6

� t

�:

add G2 � T2 S
�

U1 to S
�

;

< elseif � G1 � U1 


�'�

�

a
�

�

� G2 � U2 
�:

let Dbethelargesttypecontext

suchthat � G2 � T2 


	�� D
�

� G3 � T3 


and � G2 � U2 


	

� D
�

� G3 � U3 


;

add G3 � T3 S
�

6

U3 to S
�

6

;

< else
:

return false;

<

<

<

R � R
2

S;

S � S
�

9

R ;

<

retur n true;

<

Figure1: Thealgorithm

Proposition 5 For anyG0 � T0 andG0 � U0 wehave:

1. If suptype � G0 � T0 � U0 


returnstrue thenG0 � T0 
 U0.

2. If suptype � G0 � T0 � U0 


returnsfalse thenG0 � T0 �
 U0.

We canshow thatthealgorithm is guaranteed to terminate in
thecasewhereG � T �
 U.

Proposition 6 If G � T �
 U then suptype � G� T � U



termi-
nates.

We can also show that if there is a �nite polar simulation
up to polar substitution, thenthe algorithm will �nd it, and
so will terminate. For example, this meansthe algorithm is
guaranteed to terminateon Ghelli's example.

Proposition 7 If there exists a �nit e polar simulation up
to polar substitution Rf such that G � T R f U then
suptype � G� T � U




terminates.
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Usingthis,wecanshow thatthealgorithmis at leastasstrong
as the standardalgorithm for subtyping F� . We do this by
showing thatif G � T

�

U then wecanconstructa�nite polar
simulation R suchthatG � T R U.

Proposition 8 If the standard algorithm for subtyping F�

terminates,thensuptype � G� T � U



terminateswith the same
result.

Sinceour algorithm is at leastas powerful as the standard
algorithm, but terminateson Ghelli's example,we have that
our exampleis strictly morepowerful.

8 Kernel F� $

In [4], ColazzoandGhelli provideanalgorithm for subtyping
of KernelFµ � . Their algorithm:

# Worksdirectly on thestructure of the types, rather than
via anlts semantics.

# Doesnot work `up to a-conversion', which results in a
moreef�cient algorithm, at thecostof extracomplexity.

Wecaneasily modify ouralgorithmto check KernelFµ � sub-
typing,by changingthematching transitionrulefor polymor-
phic types to require bounds to bematchedexactly:

� G � � X
�

T
	

U



�

�

X � T
�

� G� X
�

T � U



We canshow that this modi�ed algorithm is aspowerful as
theirs (althoughprobably not asef�cient, dependingon how
a-conversion is handled),by showing thatour algorithm ter-
minateson KernelFµ � .

Proposition 9 If G � T 
 U in Kernel Fµ � , then there is a
�nite polar simulation R up to garbage collection such that
G � T R U.

Together with Proposition 7, this givesus thatour algorithm
is a decision procedurefor subtyping of KernelFµ � .

Proposition 10 If G � T 
 U in Kernel Fµ � , then
suptype � G� T � U




terminateswith true.

9 Colazzoand Ghelli' s benchmark examples

We have already shown that our algorithm terminates on
Ghelli's exampleof nontermination of the standardsubtyp-
ing algorithm for F� .

ColazzoandGhelli [4] provide two motivating examples
for theiralgorithm for KernelFµ � , whichactasuseful bench-
marks for our approach. The examplesmake useof tuple

typesT � U, anda bottomtype � : these caneasily begiven
anlts semantics:

� G � T � U



� G ���




� G � T



�

	 �

�

� G � U



	




�

�

� G ���




�

�

with matching transitions:

� G � T � U



� G ���




� G � T



�

�

	 �

�

� G � U



	

	




�

�

� G ��+-�

�




�

a
�

'

� G ���




�

a �

�

For example, we can use this semantics to verify one of
Pierce's [15] requirementsfor subtyping with � , that any
type variable boundedby � is equivalentto � :

X
�

��� X 
	� X
�

����� 
 X

In the examples,we alsousemany syntactic abbreviations,
such asde�ning equations, missing +-�

�

bounds,andignor-
ing somet steps.

The�rst exampleis abenchmarkwhichchecks thattheal-
gorithm performs enough garbage collection to �nd a �nite
polar simulation up to garbagecollection. It is given in Fig-
ure2.

The second examplechecks that the algorithm doesnot
produce falsepositives, caused by collapsing variables to-
gether incorrectly. It is givenin Figure3.

10 Conclusionsand furthe r work

Thispaper describesanapplicationof symbolic labelled tran-
sition systems, which have previously beenusedto model
concurrent languages,to modelling subtyping. Thisallowsus
to usethe techniquesfrom concurrency theory, suchassim-
ulations,and`simulation up to' to reason aboutsubtyping. It
alsooften makesproofs easier to read, evenin thepresenceof
quitecomplex typessuchasColazzoandGhelli'sbenchmark
in Figure2.

This technique should generalize to other examples such
as record subtyping, union typesand intersection types. It
maybethatGordon's[10] work onlts semanticsfor l -calculi
could be applied here, to give a semantics of higher-order
featuressuchasfunctions of kind +

�����

) +

�����

. We leave
thetechnical developmentof this to future work.

The main result which is missingfrom the current work
is a syntactic characterizationof whenthealgorithm suptype
terminates. Also, we have not discussedhow a-conversion
would be implemented: it should be possible to de�ne a-
conversion asa strong bisimulation, andthenusepolar sim-
ulation up to strongbisimulation asa proof technique. We
alsoleave theseissuesfor future work.
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� � T1 
 �

�

�

� � U1 


� X1 � T2 � X1 
 


�

X1
�

�

�

�

� X1 � U2 


	

�

X1



�

�

�

� X1 � X2 � T3 � X1 


� T1 

�

�

�

�

X2

�

� X1 � X2 ��� � U3 � X2 
 


	

�

X2

���

�

�

�

�

�

�

�

�

�

� X1 � X2 � T3 � X1 
 

�

�

�

�

	 �

�

� X1 � X2 ���




�

�

	 �

���

�

�

�

�

�

�

�

�

�

�

�

�

� X1 � X2 � T1 


	




�

�

�

�

�

� X1 � X2 � U3 � X2 
 


	

	




�




�

�

�

�

�

�

�

�

�

�

�

�

�

� X2 � T1 
 �

�

�

 �! X1

�

� X2 � U3 � X2 
 


 �! X1

�

� X1 � X2 � T2 � X1 
 


�

X1
�

�

�

�

� X1 � X2 � U4 � X2 
 


	

�

X1



�

�

�

� X1 � X2 � X
�2

� T3 � X1 


� T1 


�

X �2
�

�

�

�

� X1 � X2 � X
�2

� U5 � X2 


� U3 � X2 
 


	

�

X
�2




�

�

�

�

�

�

� X1 � X2 � T3 � X1 


� T1 


	




�

"

�

�

�

 �! X �2

�

� X1 � X2 � U5 � X2 


� U3 � X2 
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