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Abstract. The problemof nding a fully abstractmodelfor the polymorphic
p-calculuswasstatedin Pierceand Sangiogi's work in 1997 andhasremained
opensincethen.In this paperwe shav thata slight variantof theirlanguagehas
adirectfully abstractmodel,which doesnot dependon type uni cation or log-

ical relations.Thisis the rst fully abstracimodelfor a polymorphicconcurrent
languageln addition,we discussthe relationshipbetweenour work and Pierce
andSangiogi's, andshav thattheir conjecturedully abstractmodelis, in fact,

soundbut notcomplete.

1 Intr oduction

Finding soundand completemodelsfor languagesvith polymorphictypesis notori-
ously dif®cult. Considerthe following implementatiorof a polymorphicor' function
in Java5.0[17]:

static<X> Xor (Xt, Xa, Xb) {
if (@ ==t) { return a; } else { return b; }

}

This implementatiorof or takesa type parameteix, which will be instantiatedwith
the representatiothosenfor the booleansfogetherwith three parametersf type X
a constanfor “true', andthe valuesto be “or'ed. This function canbe calledin mary
differentways,for examplé':

or<int> (1, 0, 1); or.<bool> (true, false, true);

In eachcasethereis noway for the calleeto determinehe exacttypethe callerinstan-
tiatedfor X, andsono matterwhatimplementatiorior or is used thereis noobsenable
differencebetweerthe abore programandthe following:

or<int> (1, 0, 1); or.<string> ("true", “false", "true");

? This materialis baseduponwork supportedby the National ScienceFoundationunderGrant
No. 0430175

4 Jarapuristsshouldnotethatthis discussiorassumefor simplicity thatdowncastingandre ec-
tion arenot beingused,anda particularimplementatiorof autoboxingfor examplethe code
or<int> (1, 0, 1)isimplementedisinteger x = new Integer(1l); Integer y =
new Integer(0);  or.<Integer> (X, Yy, X).



or thefollowing:

or<int> (1, 0, 1); or<int> (2, 3, 2);

However, thereis anobsenrabledifferencebetweerthe above programsand:
or<int> (1, 0, 1); or<int> (1, 0, 1);

sincewe canusethefollowing implementatiorof or to distinguishthem:

static Object x=null;

statickX> Xor (Xt, Xa, Xb) {
if (@ ==x) { System.out.printin ("hello"); } else { x=a; }
if (@ ==t) { return a; } else { return b; }

}

This exampledemonstratesomesubtletieswith polymorphiclanguagesthe presence
of impurefeatures(suchas mutable®eldsin this case)and equality testing(suchas
a == x in this case)cansigni®cantlyimpactthe distinguishingpower of tests.In the
caseof purelanguagesuchasSystem [10], thetechniqueof logical relations[27,24]
canbe usedto establishequivalenceof all of the above callsto or, whichis evidently
brokenby theadditionof impurity andequalitytesting.

Much of thework in ®nding modelsof purepolymorphiclanguagesomesn ®nd-
ing appropriateaechniquegor modellingparametricity[26,27] to showv thatprograms
arecompletelyindependenbf the instantiationdor their type parametersSuchpara-
metricity resultsare surprisingly strong,and can be usedto establish’theoremsfor
free' [31] suchasthe functoriality of the list type constructor The strengthof the re-
sulting theoremshowever, comesat a cost: the proof techniquesequiredto establish
themarequite dif®cult. In particular even proving the existenceof logical relationsis
problematidn the presencef recursve types[24].

In this paper we showv that providing modelsfor impure polymorphiclanguages
with equality testing can be surprisingly straightforvard. We believe that the tech-
niquesdiscussecherewill extendto the polymorphicfeaturesof languagesuchas
Java’5.0[17], andC#2.0[7]: F-boundedpolymorphisn[5], subtyping recursve types
and objectfeatures.n this paper we will investigate a minimal impure polymorphic
languagewith equalitytesting,basedon Pierceand Sangiogi's work [23] on a poly-
morphicextensionof Milner etal.'s[21,20] p-calculus.

PierceandSangiogi have establisheé soundmodelfor a polymorphicp-calculus,
but they only conjecturedcompletenes§23, Sec.12.2]. In this paper we develop a
soundandcompletemodelfor a polymorphicp-calculustheresultingmodelandproof
techniquesare remarkablystraightforvard. In particulay our model makes no useof
type uni®cation,which is an importantfeatureof Pierceand Sangiogi's model. We
thencompareour modelto theirs,andshav thatoursis strictly ®ner: hencewe have
resohedtheir outstandingonjecturepy demonstratingheir modelto be soundbut not
complete.

This is the ®rst soundand completemodelfor a polymorphicp-calculus:Pierce
and Sangiogi [23] and Hondaet al. [3] have establishedsoundnessesults,but not
completeness.



a;b;c;d (Names)

XY,z (Variables)
n;m:= ajx (Values)
PQR:=n(X;x:T):PjnhT;xi jOj PjQ (Processes)

jn(a: T)Pj!Pjif n= mthenPelseQ

Fig. 1. Syntax

2 An AsynchronousPolymorphic Pi-Calculus

The languagewe investicate in this paperis an asynchronouwariant of Pierceand
Sangiogi's polymorphicp-calculus.This is an extensionof the p-calculuswith type-
passingn additionto value-passing.

2.1 Syntax

The syntaxof theasynchronoupolymorphicp-calculusis givenin Figurel. Thesyn-
tax makesuseof types(rangedover by T;U;V;W) andtype variables(rangedover by
X;Y; Z), which arede®nedn Section2.3.

De nition 1 (Freeidenti ers). Write fn(P) for the freenamesof P, fn(n) for thefree
namef n, fv(P) for thefreevariablesof P, fv(n) for thefreevariablesof n, ftv(P) for
thefreetypevariablesof P andftv(T) for thefreetypevariablesof T.

De nition 2 (Substitution). Let s be a substitutionof the form (V=X;#=x), and let
n[s], T[s] andP[s] bede nedto bethe captue-freesubstitutionof typevariablesX by
typesv andvariablesx by valuesn, de nedin thenormalfashion.Letthedomainof a
substitutiondom(s) bede nedasdom(V=X;1=x) = f X;xg.

De nition 3 (Processcontexts). A processcontet C[{ is a processcontainingone
occurrenceof a “hole' (¢. Write C[P] for the procesggivenby replacingtheholeby P.

We presentanexampleprocessfollowing [23], in theuntypedp-calculus,n which
we implementa booleanabstractatatypeas:

n(t)n(f)n(teg)(getBoolstt; f;tegi j!t(x;y) :xhij! f(x;y) : yhijteg(b;x;y) : bhx; yi)

Thisprocesgeneratesew channel$, f andteg, whichit publisheonapublicchannel
getBools. It thenwaitsfor inputon channet: whenit recevesa pair (x;y) of channels,
it sendsasignalonx. Thesameis truefor channelf exceptthatit sendghesignalony.
Finally, on atestchannelwe wait to be sentabooleanb (which shouldeitherbet or f)
togethemvith a pair (x:y) of channelsandjustforwardsthepaironto b, which chooses
whetherto signalx or signaly asappropriateThis canbetypedas:

B, &' n(t : Bool)n(f : Bool)n(tes : Teg(Bool))(

getBoolsiBool;t; f;tedi j

It(x : Sgnal;y : Sgnal) : xhij
If(x:Sgnal;y: Sgnal) : yhij

Iteg(b: Bool;x : Sgnal;y : Signal) : bhx; yi

)



wherewe de®ne:

def

Sgnal €11 Bool %' [Signal; Sgnal] Tes(T) €I [T; Sgnal; Sgnal]

Theinterestingypingis for thechannebetBoolswheretheimplementatiorof booleans
is published:
getBools: | [X; X; X; Ted(X)]

that is, the implementationtype Bool is never published:insteadwe just publish an
abstractype X togetherwith the valuest : X, f : X andteg : Teg(X). Sincethe im-
plementingtype is kept abstractwe shouldbe entitledto changethe implementation
without impacton the obsenable behaiour of the system for exampleby uniformly
swappingthe positionsof x andy:
B, £’ n(t : Bool)n(f : Bool)n(teg : Teg(Bool))(

getBoolshBool;t; f;tedi j

It(x: Sgnal;y : Sgnal) : yhij

If(x: Sgnal;y: Sgnal) : xhij

Iteg(b: Bool;x : Sgnal;y : Signal) : bhy; i

)

As Pierceand Sangiogi obsere, as untypedprocesse®; and B, are easily distin-
guishedfor exampleby thetestingcontext:

T %" ¢ n(a)n(b)(getBools(t: f;teg) : tha; bi j a() : chij b() : dhi)
However, this processdoesnot typechecksincewhenwe cometo typecheckT, the
channel hasabstractype X, nottheimplementatiortype Bool. We expectary sound
andcompletemodelto consideB; andB; equivalent.
An illustrative exampleof a contextual inequivalences givenbelow. For somegen-
eratve typeT considerthefollowing processes:

L = n(b:I[T];c:I[T];d:T)(@hT;T;b;b;c;dijc(y: T) :failhi)
L= n(b:I[T];c: I [T];d: T)(@hT;T;b;b;c;dijc(y: T):0)

andatypeenvironmentGwhich containsonly a: | [X;Y; I [X];1 [Y];1 [Y]; X] anda suit-
abletypefor fail. Now it may at ®rst appearhat L andL°shouldbe consideredqui/-
alentwith respecto the type informationin G asthe privatenamed is only released
alongchannela at someabstractype representedby X, say And the private namec
is only releasedasa channelwhich carriesvaluesof abstractypeY, say In orderto
distinguishtheseprocesses testtermwould needto obtaina valueof typeY to send
onc. However, thereis atestingcontext which allows thenamed to be castto typeY:

R=a(X;Y;z: | [X; 2: 1 [Y]; 222 I [Y];x: X) : (2w j Ay Y) : DOByi)

It is easyto checkthatthis processs well-typedwith respecto G Here,whenR com-
municatesvith L andL® thevectorof freshnamess recevedalonga andthevariables
z and 2 arealiasedso that a further internal communicationwithin R sendsd asif it

were of type X but recevesit asif it wereof typeY. It canthenbe sentalongc to

interactwith the remainderof L andL to distinguishthem.



Hi=tjcUb)jna: T)cHd;bi  (UntypedLabels)

(R-IN) ————— (R-OuT)
c(X;x:T):P 200 PO=X;b=X] chd ;b s 0
P2 PO bn(w\ (Q) =0 (R-PAR)
PiQ = P%Q
cUb) o n(a:T)chd bi 0 -
Pp—" P .Q 7t Q O.fag\ fn(P)=10 (R-Com)
PiQ = n(a:T)(P4Q)
P PO asZn(w[ bn(p p NETHOD 50 45 fhgnfciag
u o (R-NEW) n(@T;aT)cDi (R-OPEN)
n(a:T)P = n(a:T)P na: T)p — === po
ipip 2 po
y (R-REPL)
P = P°
o po e,
P P I (R-TEST-T) aéb Q QJJ (R-TEST-F)
ifa= athenPelseQ = P° ifa= bthenPelseQ = Q°

Fig. 2. UntypedLabelledTransitionsP M PO (eliding symmetricrulesfor Pj Q)

2.2 Dynamic Semantics

Theuntypedtransitionsemanticsor theasynchronoupolymorphicp-calculusis given
in Figure 2, andis the sameasPierceand Sangiogi's. We de®nethe free namesof a
label fn( ) asfn(t) = 0, fn(c(U;b)) = fc;bg andfn(n(a: T)cHd;bi) = fc;bgnfag.
We also de®nethe bound namesof a label bn( ) asbn(t) = bn(cU;b)) = 0 and
bn(n(a: T)chd;bi) = fag. The untypedsemanticds usefulfor de®ningthe run-time
behaiour of processeshut is not immediatelyappropriatefor de®ninga notion of

equialenceasit distinguishesermssuchasB; andB, which cannotbe distinguished
by ary well-typedervironment:

B n(t:Bool; f:Boolites:Teg(Bool)) getBoolsBoolt; fitegi  t(ab)  ahi
1 S =

B n(t:Bool; f:Boolites:Teg(Bool)) getBooldBoolit; ftesi  t(ab)  bhi
> = =

Thesebehaiours correspondo the untypedtestT, but do not correspondo ary well-
typedtest,which only hasaccesdo the abstracttype X andnot to the concretetype

. b
Bool. As aresult,no well-typedtestcancausethe action Hah)
will comebackto this pointin Section3.2.

to be performed We



X3Y,Z (Type Variables)
T;U;V;W = X I [X;T] (Types:X is non-generatie, | [X; T] is generatre)
GD:= X;n:T (Typing Contets)

X2G X;G° T fXg\ dom(G =0 X disjoint
21TV
G x (T"TVAR) G I1XT]

(T-CHAN)

X T (TEn) G! (n:T)26G

- . T-VAL
Xa:T | G n:T ( )

G n:IX;T] X;Gx:T P fX;xg\ dom(G = 0 xdisjoint
G’ n(X;x:T):P

(T-IN)

G’ n:lI[X;0] G n:0[T=X]
G nHT;7i

(T-OuT)

G ! G P GQ
c o™ & po

(T-PAR)

Ga:T ' P a6dom(G ftv(T)u dom(G T isgeneratie
G n(a:T)P

(T-NEw)

G P
G P (T-RePL)

G nT GmU GP G Q
G" if n= mthenPelseQ

(T-TEST-W)

Fig. 3. Type Systemywith judgement$s™ T,G™ |,G" n: T andG™ P

2.3 Static Semantics

The staticsemanticgor the asynchronoupolymorphicp-calculusis givenin Figure3
where the domain of a typing context dom(G) is dom(X;n: T) = fX;ng, the free
namesof a typing contet fn(GQ arefn(X;n: T) = fn(n), the free variablesof a typ-
ing contet fv(Q arefv(X;n:T) = fv(n), andthefreetypevariablesof atyping context
ftv(Q areftv(X;a: T) = fXg[ ftv(T). We saythat a typing contet D is closedif
fv(D) = ftv(D) = 0 andmoreoverforany a: T 2 Danda:U 2 DthenT = U. We write
Js] asthetyping context givenby (X;Aa: T)[W=Y; mry] = (X nY;A[m=y] | T[W=Y)).

Thisis quite a simpletype systemasit doesnotincludesubtyping,boundecdooly-
morphism,or recursve types,althoughwe expectthat suchfeaturescould be added
with little extra compleity.

In Section4, we will discusghe relationshipbetweerthis type systemandthat of
Pierceand Sangiogi. For the moment,we will just highlight onecrucialnon-standard
point aboutour typing judgementwe are allowing identi®ersto have morethanone



typein atyping contet. For example:
XsYa:[IXEIY];b: 1 [X];b: 1 [Y] ™ ahb;bi
To motivatethe useof thesemulitcontexts considerthe processes

P (X Yox: 1 IXE VI sx(y 1 [XTiz: | [Y]) :%by;
Q¥ n(a: 1[I int];! [int)n(b: | [int])chint; int; ai j akb; bi

which caninteractasfollows:

PjQ 2 n(a: | [l [int];! [int])(a(y: | [int];z: 1 [int]) :ahy;Z jn(b: I [int])(ahb;bi))
L n(a: I [l [int];1 [int])n(b : | [int])ahb; bi

This interactioncomesaboutdue to the following labelledtransitionsfrom P (with
appropriatamatchingtransitionsfrom Q):
c(int;int;a)

P a(y:I[int];z: I [int]) :ahy; z
a(bh) _

ahb; bi

Now, P typecheckss:
cHDGYSHNIXEYN T P

andwe would like to ®nd anappropriateyping forahb; bi. The obvioustyping would
be to useQ's choiceof concreteimplementatiorof X andY asint however in order
to reasomaboutP independentiyof Q we mustchoosea typing which preserestype
abstractiorandis independentf arny choiceprovidedby Q. To dothiswe useatyping
whichmorecloselyresemble$'s view of theinteraction:

XY L GY XY ac LI XL YD e X b1 [Y] T ahb; bi

which makesa useof two differenttypesfor b in thetypeervironment.

Pierceand Sangiogi do not allow multiple typingsfor the sameidenti®er:instead,
they usetypeuni cation for the samepurposeln their model,thetypesX andY above
would be uni®ed,andso b would just have onetype b : | [X]. This producesa model
whichis sound but not complete aswe discussn Sectiord.

An alternatve strategy to either multiple typingsfor variablesor type uni®cation
would be subtypingwith intersectiontypes[6, 28], which ensurethat meetsexist in
the subtyperelation. Subtypingwith meetsare used,for example,by Hennessyand
Riely [12] to ensuresubjectreduction.Intersectiontypeswould provide this language
with pleasantpropertiessuchas principal typing, which it currently lacks, but at the
costof compleity.

3 Equivalencesior AsynchronousPolymorphic Pi-Calculus

Processquialencehasalong history, including Milner's [19] bisimulation,Brookes,
HoareandRoscoes [4] failures-diergencessquivalence,andHennessys [11] testing



equialence.In this paper we will follow Pierceand Sangiogi [23] and investicate
contetual equivalencen processefl 3, 22].

Contetual equivalencehasa very naturalde®nition:it is the mostgenerousquiv-
alencesatisfyingthreenaturalpropertiesreductionclosue (thatis, respectinghe op-
erationalsemantics)contetuality (thatis, respectinghe syntaxof the language)and
barb preservation(thatis, respectingputputon visible channels).

Unfortunately althoughcontextual equivalencehasa very naturalde®nition, it is
dif®cult to reasonaboutdirectly, dueto the requirementof contextuality. Sincecon-
textuality requiresprocesseso be equivalentin all contets, to shav contextual equiv-
alenceof P andQ, we have to shav contextual equivalenceof C[P] andC[Q] for ary
appropriatelytypedcontet C: morewer, attemptgo show this by inductionon C break
down dueto reductionclosure.

The problemof shawing processes$o be contetually equivalentis not restricted
to polymorphicp-calculi, for examplethis problemcomesup in treatmentsf thel -
calculus[2], monomorphig-calculus[20] andobjectlanguage$1]. The standardso-
lution is to askfor afully abstiact model,which coincideswith contextual equivalence,
but is hopefullymoretractable.

The problemof ®nding fully abstractmodelsof programmingdanguagesriginates
with Milner [18], andwasinvestigatedin depthby Plotkin [25] for the functionallan-
guagePCEF For polymorphiclanguagedpgical relationg27] allow for theconstruction
of fully abstractmodels[24] but requireaninductionontype,andsobreakdown in the
presencef recursve types.SumiiandPiercehave recentlyshovn thata hybrid of con-
text bisimulationandlogical relationg[30] yieldsafully abstracmodelin thepresence
of recursve types.

Themonomorphic®rst order[20] andhigherorder[29] p-calculushave quite sim-
plefully abstractnodels put to datetheonly knovn modelsfor polymorphicp-calculus
have beensoundbut notcompletd23, 3]. Wewill now shav thataverydirecttreatment
of type-respectindabelledtransitionsgenerates fully abstractisimulationequva-
lencewhich makesno useof logical relationsor type uni®cation.

3.1 Contextual Equivalence

Processontatsaretypedasfollows: D™ C[G wheneer8(G™ P): (D" C[P]). A typed
relationon closedprocesse® is a setof triples (G P, Q) suchthatG™ PandG™ Q
suchthatGis closed We will typically write G2 PR Q whenerer (G P,Q) 2 R . Given
ary typedrelationon closedprocesseR , we cande®neits openextensionR® to bethe
typedrelationon processegivenby G2 P R* Q whenaer s];D2 P[s]R QJs] for
ary closedtyping ervironmentof theform (Gs]; D).

De nition 4 (Reductionclosure).AtypedrelationR onclosedprocessess reduction-

closedwheneerD2 PR Q and P L po implies there exists someQ® sudh that

Q==) QPandD2z P°R Q°

De nition 5 (Contextuality). A typedrelation R on closedprocessess contetual
wheneerG2 PR*QandD" C[J impliesD2 C[P]R* C[Q)].

De nition 6 (Barb presewation). A typedrelation R on closedprocessess barb-
_ ahi
preservingvheneerD2 PR QandP el impliesQ =



a = tjn(a:T)cU;b]jn(a)chX;b: Vi (TypedLabels)
C:= (G [s]P) (Con gurations)
1 0
P— P (TR-SILENT)

G [sIP) L (G [sIPY

Ga:T chid;bi fag\ dom(G = 0 T aregeneratie

- (TR-RECEP)
(G [s]P) "EDLX (Ga: 1 [s]P] (cHIDi[s])
p METUOD 50 G ¢x:x:V):0 faXg\ dom(G) = 0 (TR-OUT-W)
(G [s]P) "I (. Gy [U=X;s]PY

Fig. 4. TypedLabelledTransitionsC £ o

We cannow de®necontetual equivalence® asthe openextensionof the largest
symmetrictyped relation on closedprocessesvhich is reduction-closedcontectual
andbarb-preservingThe requiremenbf contetuality makesit very dif®cult to prove
propertiesaboutcontetual equivalence andso we investicgate bisimulationasa more
tractableprooftechniqudor establishingcontextual equivalence.

3.2 Bisimulation

As a ®rst attemptto ®nd a moretractablepresentatiorof contextual equivalence we
could usebisimulation Unfortunately aswe discussedn Section2.2, our untypedla-
belledtransitionsystemdoesnot respecthe type system,andso givesrise to too ®ne
an equivalence We thereforeinvesticate a restrictedlabelledtransitionsystemwhich
respectdypes:thisis de®nedn Figure4. Thetransitionsystemis givenby arelation:

(G IsIP) = (& [s9P9
betweercon®gurationof theform (G~ [s]P). Thesecomprisethreeconstituenparts:

— Pistheprocess$eingobsered: afterthetransition,it becomegprocess°

— Gistheexternalview of thetyping contet P operatesn. This externalview may
not have completeinformationaboutthe types,for exampleP may have exported
the concretetype int asanabstractype X. Only X will be recordedn thetyping
context. As P exportsmoretype information,G may grow to becomeG It is here
thatwe male useof themultiple entriesin type ervironments.

— s is atypesubstitutionmappingthe externalview to theinternalview. This map-
ping provides completeinformation aboutthe typesexportedby P, for example
int=X recordgthatexternaltype X is internaltypeint. Notethatthis substitutionis
not appliedto P, we representhatwith the alternatve notationP[s].

Therearethreekindsof transitions:



— Silenttransitions(G™ [s]P) L (G [s]PY which areinheritedfrom the untyped

transitionsystem.

_ Receptivityransitions(G® [s]P) 22D (Ga: T [s]Pj (eI bi[s]) which

allow the environmentto senddatato the processWe requirethe messageo type-
check,andwe allow the ervironmentto generatenew nameswhich arerecorded
in thetype ervironment.We aremodellinganasynchronoutanguageandso pro-
cessegarealwaysinput-enabledNotethatthe processs sendingno informationto
the ervironment,sothetype substitutions doesnot grow. Note alsothatthe mes-
sageis typedusingthe externalview G but musthave thetype mappings applied
to it for it to bemappedo theinternaltype consistentvith P.

_ Outputtransitiong(G™ [s]P) X2¥* ™Y x.Gh:v " [U=X:s]PY whichallow the
procesdo senddatato the ervironment.The channelbeingusedto communicate
with the environmentmustbetyped| [X;V], sothetyping context is extendedwith
abstractypesX andthe new typeinformationd : V. This mayresultin morethan
onetypebeinggivento the samename whichis why we allow duplicateentriesin
typing contexts. The process$® musthave provided concretémplementation® of
theabstractypesX: thesearerecordedn thetype substitution.

To demonstratéhow our typed labelledtransitionscan be usedwe returnto the
exampleabove of processes andL?andtype ervironmentG. We shov a sequencef
typedtransitionsfrom (G" [JL) which cannotbe matchedby (G™ []L9:
n(b;c;d)ahx;Y;b:l [X];b:l [Y];c:l [Y];d:Yi

(G [Ib) (G [sIe(y: I [T]) : failhi)

wheres is[T;T=X;Y] andGis X;Y;Gb: | [X];b: 1 [Y];c:1[Y];d: X. At this pointwe
would like to useRule TR-RECEP to provide a messagen channelc to facilitate a
communicationhowever, thereis no nameof the appropriatetype listedin G°andthe
restrictionto generatre typesfor the freshnamesmeanshatthis cannotyet be done.
However, notethefollowing transitions:

(& [sle(y: 1 [T):Failhi) 2% (G [s]a(y: I [T]):Tailhij bri)
P @dy e [se(y: | [T]) : Failhi)
A @d:y [s]e(y: | [T]) : Failhij chdi)
failhi

in which the seconaype listed for b in G°is usedto justify thebhdi transition.These
transitionssene to mimic the typecastingand subsequentiseof the extrudednamed
by atestingcontet which arecrucialto distinguishing. andL®.

We now formalise our notion of bisimulation equivalence.A typed relation on
closedcon®guration® is asetof 5-tuplegG s; P, r; Q) suchthatds]” Panddr]” Q
andbothds] anddr ] areclosed For corveniencenvewill write G2 [s]PR [r ]Q when-
ever(Gs;Pr;Q2R.

De nition 7 (Bisimulation). A simulationR is a typedrelation on closedcon gura-
tionssud thatif G2 [s]PR [r]Qand(G" [s]P) -= (& [s9PY thenwe canshow

10



b
(G Ir]Q) ==) (G [r9QY for someG’2 [sAPOR [rqQP. A bisimulationis a simu-
lation whoseinverseis alsoa simulation.Let %2 bethelargestbisimulation.

Wearenow in positionto shawv full abstractiorof bisimulationfor contextual equiv-
alenceandsoprovide atractablemodelof polymorphicp-calculus.

3.3 Soundnes®f Bisimulation for Contextual Equivalence

Thedif®cult propertyto shaw is thatbisimulationis acongruencefrom thisit is routine
to establishthat bisimulationimplies contextual equivalence Shaving congruencéor
bisimulationis a well-establishegroblemfor procesdanguagesgoing backto Mil-
ner[19]. In the caseof polymorphicp, the problemis in shaving that bisimulationis
preseredby parallelcomposition We dothis by constructingacandidatebisimulation:

G2 [s]PjR[S]R [r]QjR[r] wheneerG2 [s]P¥%[r]Q
andG™ R
ands andr aretypesubstitutions

andthenshawing thatthis is a bisimulation(up to sometechnicalitiesvhich we shall
elide for the moment).This hasa routine proof, exceptfor one case,which is when
Rls] — R{s]. It is straightforvard to establishthat type substitutionsdo not in u-
encereduction,andsowe have R[r] — RJr], andall thatremainsis to shov that
G2 [s]PjR9s] R [r]Qj Rqr]. Unfortunately this is not directly possible,dueto the
requirementhatG" RC. If we hada subjectreductionresultfor openprocesseshen
this would beroutine,but this resultis not true dueto channelavith multiple types:

ahci ja(x:Y):bhxi — 0jbhci

X:Y:a:l[X;a: I [Y];b:I[Y;c:X ~ ahcija(x:Y):bhxi

X;Y;a:l [XL;a:I[YL;b:I[Y;c:X 6 0jbhci
PierceandSangiogi's techniqueor dealingwith this problemis to introducetype uni-
®cationto ensurghatevery channehasauniquetype.Unfortunatelyaswewill discuss
in Section4, the resultingsemanticss incomplete Insteadof usingsuchuni®cations,
we obsene thatin ary casewheresubjectreductionfails, it doesso becausef com-
municationon avisible channelif the channelWwashiddenby a n-binder thenit would
have only onetype, and so subjectreductionholds. We thereforeobsere thatin the
caseswheresubjectreductionfails to hold, theremustbe a pair of matchingvisible
reductionswvhich causedhe communication.

Proposition1 (Open subjectreduction).If G* PandP —— P®heneither:

1. G> P%or
n@T)cHdbi  c(XDb) PO

2.P where P (n(a: T)PY[U=X].
In theexample(upto structuralequivalence):
ahcija(x:Y):bhi 2 0ja(x:Y):bhxi
A9 0jbhi
X:Y;a:l[X;a:1[Y];b:I[Y];c: X ~ ahcija(x:Y):bhxi
X;Y:a:l[Xa: I [Y];b:I[Y;c:X;c:Y ~  Oja(x:Y):bhxi

X;Y;a:l[X;a: I [Y];b:I[Y];c:X;c:Y °  0Ojbhci
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The crucial point is that theseextra transitionsby the testingcontext correspondo
complementaryypedtransitionsby the processsuchthat, afterthevisible ahci output
action, the typing context G is extendedwith ¢ : Y. The problematicresidualof the
testterm RO (Oj btci in the example)can now be typedin this extendedG and the
bisimulationargumentcanbe completed.

Theorem1 (Bisimulation is a congruence)If G2 P Y& Q thenD2 C[P] Y& C[Q] for
anyD" C[G.

Proof. Givenin AppendixA.

Theorem2 (Soundnessf bisimulation for contextual equivalence).If G2 P ¥# Q
thenG2 P2 Q.

Proof. It sufdcesto prove the resultfor closedprocessedor which we needto shav
that¥% is symmetric reduction-closed,contual andbarb-preservingAll of theseare
direct,exceptfor contectuality, which follows from Theoremi.

3.4 Completenesf Bisimulation for Contextual Equivalence

The proof of soundnesdor bisimulationrequiredsomenon-standardechniquesin
comparisonthe proof of completeness quite straightforvard, andfollows the usual
de nability amgument11,9, 15] of shawing thatfor every visible actiona, we can®nd
a procesR which exactly testsfor the ability to performa. Oncewe have established
de®nability completenestllows in a straightforvardfashion.

Theorem 3 (Completenes®f bisimulation for contextualequivalence)lf G2 P2 Q
thenG2 PYF Q.

Proof. Givenin AppendixB.

4 Comparisonwith Pierceand Sangiomi

In this paper we have shovn thatweakbisimulationis fully abstracfor obserational
equialencefor anasynchronoupolymorphicp-calculus.Thisis almostenougho set-
tle theopenproblemsetby PierceandSangiogi [23] of ®ndingafully abstracskeman-
tics for their polymorphicp-calculus.Thereare, however, somedifferenceshetween
their settingandours,mostof which we believe to be routine,with oneimportantex-
ception:thetyperule for if-then-else.

4.1 Minor differences
Theminor differencesetweerour polymorphicp-calculusandtheirsare:

1. We areconsideringveakbisimulationratherthanstrongbisimulation.

2. Sincewe are consideringweak bisimulation,we have not includedP + Q in our
languageof processesWe expectthatthis could be handledin the usualfashion,
by de®ningobsenationalequivalenceon processem the style of Milner [19].
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3. We have treatedan asynchronousatherthan a synchronousanguage sincethe
soundnessesultfollows more naturally for the resultingasynchronousransition
system.We expectthat a fully abstractbisimulationfor a synchronouganguage
canbegivenby addingtransitionsfor synchronougnputaswell asreceptvity:

PLY 0 Ga:T i
fag\ dom(G = 0 T aregeneratie
G [s1P) D (Ga: T [sIPY
Note thatthe labelusedherefor synchronousnputis distinctfrom thelabelused
for receptvity.
4. We have useda variable-namelistinction,andso have usedHondaand Yoshidas
de®nitionof obsenationalequivalence[13]. Seeg[8] for a discussiorof thisissue.
5. Our type systemkeepstrack explicitly of free type variables ratherthantreating
themimplicitly: this makes someof the book-keepingeasier at the costof some
additionalsyntacticoverhead.

(TR-IN)

We do notbelieve thatthesedifferencesaresubstantial.

4.2 Major difference:typing if-then-else
However, thereis oneimportantdifferencebetweernour languageandPierceand San-
giorgi's, eventhoughit may appearat ®rst sightto be a minor point: the type rule for
if-then-elseln their paperastrongtyperuleis given:
G n:T G m:T
G P G Q
G’ ifn= mthenPels&Q

(T-TEST-S)

In our work, the wealer type rule T-TEST-W is used,which allows n andm to have
differenttypes.Notethatin a languagewith subtypinganda top type, theserulesare
equialent,sincewe canalwayschooseT to bethe top type,andusesubsumptiorto
derive T-TEST-W from T-TEST-S. In the absencenf subtyping,however, therule T-
TEST-W allows more processe$o typecheck soraisesthe expressive power of tests,
andhencemakesobsenationalequivalence®ner. For example:

P L n(b: I [int])n(c: | [string])ahint; string; b; Ci

Q %" n(b: I [int])ahint; int; b; bi
As long asa: | [X;Y;I [X];1[Y]] theseprocessesannotbe distinguishedby ary test
whichusesthetyperule T-TEST-S, but they canbedistinguishedy:

RE a0 Y;x: 1 [XLy: | [Y]):if x= ythendhi

whichtypecheckasingtyperule T-TEST-W. In fact,thereis athird possibletyperule
for if-then-else which makesuseof type uni®cation:

G n:T G m:U
mguT;U)=s) ds] P[ls] G Q
G" ifn= mthenPels&Q

(T-TesT-U)
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wheremgu(T;U) builds the mostgeneraltype substitutions suchthat T[s] = UJs].
This type rule is strictly wealer than T-TEST-W, andraisesthe expressive power of
testsevenfurther, andhencemakesobsenationalequivalencesven®ner. For example:
p & n(c: | [int;string])n(d : | [int])ahint; string; ¢; di : bhstring; ci : d(x : int) : ehxi
Q %" n(c: I [int; string])n(d : | [int])ahint; string; c; di : brstring; i
Aslongasa: | [X;Y;1 X;Y]; 1 [X]], b:1[Z;] [int; Z]] ande: | [int], theseprocessesannot
bedistinguishedy ary testwhich usesT-TEST-W, but they canbedistinguishedy:

R% al Y x I GYLy XD tb(Z;z: 1 int; Z]) : if x = zthenyhbi

which typechecksisingtyperule T-TEST-U. We have that:

— Thetyperule T-TEST-W hasamatchingfully abstracbisimulationequivalence’s,
which for purposeof this discussiorwe shallreferto as¥a, (shavnin Theorems
and3).

— The type rule T-TEST-S hasa matchingfully abstractbisimulationequialence
Vs (shavn in AppendixD).

— Thetyperule T-TEST-U hasa matchingfully abstractbisimulationequialence
Y4, (shavnin AppendixE).

Moreover:

— We have inclusionson theseequialencesif G2 P %, Q thenG2 P ¥ Q for ary
G sPandG’ 5 Q (andsimilarly for ¥, and¥ay).

— The abore examplesshaw thatthe inclusionsarestrict: we have G2 P 6% Q and
G2 PYsQforsomeG™ s PandG™ 5 Q (andsimilarly for ¥4, and¥ay).

— Thetyperule for if-then-elseusedby PierceandSangiogi is T-TEST-S.

— PierceandSangiogi'sbisimulationis thestrong,synchronousersionof %, (shavn
in AppendixC).

Hence sincesynchroly andweakbisimulationplay no role in theabore exampleswe
have aresolutionof PierceandSangiogi's conjecture:

— Pierceand Sangiogi's polymorphicbisimulationis sound,but not complete for
their polymorphicp-calculus.

Theseargumentsareformalisedin Appendice<C, D andE.

5 Conclusions

This papergivesthe ®rst fully abstractsemanticgor a polymorphicprocesdanguage.
Moreover the semanticss extremelystraightforward: the only nonstandargart of the
presentations that namesare given morethanonetype in a type ervironment. This
correspondsgo the ability for a polymorphicprogramto be sentthe samechannelat
multiple differenttypes.In contrastto polymorphicl -calculi, polymorphicp-calculi
have the ability to comparenamedor syntacticequality andsothereis aninternaltest
which candetectwhenthe samenamehasbeengivenmultiple differenttypes.
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We believe that the techniquesggiven in this paperare quite robust (for example

thereareno usesof type induction)and could be scaledwith little dif®culty to larger
type systemswith featuressuchassubtyping,F-boundecdolymorphismandrecursve

types.Moreover, objectlanguagesuchasthe \fcalculussupportobjectequality and
sowe believe thatadaptingour previousfully abstracsemantic$14] for objects[1] to

dealwith genericobjectswould alsobepossible.
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The remaining appendicesare only in the online version

A Bisimulation is a congruence

De®nition 8 (Structural equivalence).Let” be the equivalencegenentedby treatingj asa
monoidwith unit 0, satisfyingscopeextrusion,andclosedunderj andn(a: T).

De®nition 9 (n-extensionof a relation). For any typedrelation on closedcon®gumtionsR ,
de®neits n-extensionR’ to bethetypedrelationon closedcon®guiationsgeneatedby:

G2 [s]PR"[r]Q wheneer G2 [s9POR [r9Q°

for someP” n(a:T)PPQ " n(a:U)Q°

ands u s8rproGu &@
De®nition 10 (Bisimulation up to n). A simulationup to n is a typedrelation on closedcon-
®gurationsR sudh thatif G2 [s]PR [r]Q and (G [s]P) - (& [s9PY thenwe have

h

(G Ir]Q) ==) (& [r9Q9Y for someG’2 [s9PORM [r 4Q° A bisimulationupto nis a simula-
tion upto n whoseinverseis alsoa simulationupto n.
Proposition2 (Soundnes®f bisimulation up to n). If R is a bisimulationuptonthenR p Ya.

Proposition3 (Reductionunder type substitution). For any(!orocessP andtypesubstitutiors,
Pls] - Qif andonlyif wecan®nd jPandQsud thatP * Q0 p= pgs]andQ = QJs].

Proposition4 (Output reduction). If G* P and P Mmoo PO then T are geneantive
Ga:T  c;bi andGa: T PO
Proposition5 (Input reduction). If G* P and P _xB PO and fXg\ dom(G = 0 then

G® o(X;x:V)andX;Gb:v " PP
Proposition6 (Closed subject reduction). If G is a closedtyping ervironment,G* P and
P+ POthenG" PO

Proposition7 (Labelled SubjectReduction). If (G* [s]P) & (& [s9PY and(G" [s]P) is
aclosedcon®guationthen(@" [s9PY is alsoa closedcon®gurtion.

We cannow prove Theoreml: if G2 P ¥# QthenD2 C[P] ¥F C[Q] forary D* C[G.

Proof. We shaw that %% is presered by eachof the processoperatorsfrom which the result
follows by inductionon C. Thedif cult caseis to shav that¥4 is presered by j, which follows
if we canestablisithatthefollowing relationis a bisimulationup to n:
G2 [s]PjRIs]R [r]QjR[r] wheneerG2 [s]P¥4[r]Q
andG™ R
ands andr aretypesubstitutions

SinceR is symmetric,it sufces from Proposition2 to shav thatR is a simulationup to n.
Considerary transitionof theform:

(G [sIPjRs]) = (& [s9P%
where:

G2 [s]PW[r]Q G R
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Wearerequiredo establisramatchingweaktransitionfor (G™ [r ]QjR[r]), for whichwe proceed
by caseanalysisona. Theinterestingcasels whena = t, sofrom Rule TR-SILENT we have:

PjRjs] -~ P

andwe proceecby caseanalysisonthederiationof this transition.Theinterestingcaseis when
thesymmetricform of Rule R-PAR wasused.andwe have:

Ris] - RO pO pjRO00
for which we useProposition3 to getthat:
RS RO ROOZ ROfs]

We thenusePropositionl to gettwo casesof which theinterestingoneis 2, wherewe have:

R MDD cXD) g0 R0 (n(a: T)RY[U[s]=X; ]
sowe canusePropositiongt and5 to getthat T aregeneratie and:
Ga:T chdbi Ga:T cX;x:V) X;Ga:T/h:V" RO
Hencewe canuseRulesTR-RECEP and TR-OuUT-W to establish:

n(a:T)c[ b]

(G [s]P) (Ga:T " [s]PjcHI[s];bi)

PPIT (x;Ga:Tb:V " [U[s]X;s]Pj0)

SinceG? [S]P % [r]Q we have:

n(a:T)c[Uib] (Ga: T [I’]Q09
chX;bVi
===  (X;Ga:Tb:V [W=X;r]Q9

(G IrlQ

where:
X;Ga:Tb:V2 [U[s]=X;s]Pva[w=X;r]Q°

From Proposition3 we have:

RI'] n@ETrDD[rkbi - c(Wb) RW=X:r]
andsoit is routineto establishusingRulesR-PAR andR-CowM:

QjRIr] ==) n(a: T[r)QYRW=X:r]
andhenceusingTR-SILENT:

(G* ['IQIRIrD) ==) (G [rIn(a: TIrN(Q% RIW=X;r]))
Finally, sinceX;Ga: T;b:V 2 [U[s]=X;s]P ¥ [W=X;r ]Q°we have by de nition of R :
X;Ga:Tb:V 2 [0[s]=X;s]Pj RiB[s]=X;s]R [W=X;r]Q° Rw=X;r]
andhenceby de nition of R™:
G2 [sIn(a: T[s))(PjRI0[s]=X;s]) R" [rIn(a: TIr))(Q% Riw=X;r])

whichis asrequired.
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B Completenesof bisimulation for contextual equivalence

De®nition 11. We de®nea typedrelatior? P on closedcon®guiationsby askingthat2 P bethe
largestrelationwhich is symmetricreductionclosed barb preservingwith theseconceptdifted
to con®guationsin the obviousway),andis closedwith respecto thefollowing condition:

G G2 [s]PjR[s] R [r]QjRIr] wheneerG2 [s]P¥[r]Q
andGG R
ands andr aretypesubstitutions

NoteimmediatelythatG2 P2 Q impliesG2 P 2P Q. Thereforeit is sufcient to prove com-
pletenes®f ¥4 with respecto 2 P. Beforewe cando this we shav two Propositionsvhich will
be usedto executethe proof. We omit the proofs of theseasthey follow the lines of similar
propositiondor the (higherorder)p-calculus[15].

Proposition8 (Contextuality). If

(G [s]P) LXEYT (0 590

D(erT)dn.n PPthenthere existssomeprocessR, andext; fail 62dom(G) sudh that

Gext: | [X;V];fail:1[]]" R

whee P

and
PiR[s] ==) n(a:T)(PY%exttdbi)  n(a:T)(PYexthd bi) 6 -
Moreover, for anyQ;r sudthatQjR[r] ==) Q%with Q%% ,; wehave
Q" n(a: T)(QY extrw;bi)

n(a:T)chv Di 0
andQ =======) QYfor somew.

Proposition9 (Extrusion). If
Gext:|[X;V]2 [s]n(a: T)(Pjextid;bi) 2 P [rIn(a: T)(Qj exthn/;bi)
witha p D andext 6Zn(P, Q) then
X;Gb:V 2 [U=X;s]P2 P [W=X;r]Q:
We cannow prove Theorem3: if G2 P2 QthenG2 P ¥4 Q.

Proof. If sufces to prove theresultfor closedprocesseandfor 2 P in placeof 2 . We proceed
by coinductionby de ning R to be

G2 [s]PR [r]QwhenaerG2 [s]P2P[r]Q
and shaving that R forms a bisimulationupto ~ . Supposethat G2 [s]P R [r]Q and further

supposghat (G [s]P) & (G [s9PY. We mustshaw that (G [r]Q) hasa matchingtran-
sition. This is straightforvard in the casesn which a is generatedy rules(TR-SILENT) or
(TR-RECEP). Otherwisea is generatedby rule (TR-OuT-W), thatis

a is of theform n(a)chX; b : Vi,
FisX:Gb:V
sVis[U=X;s]
andP n(a:T)chd bi

+ + 1+

PO

I+
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We cannow appealo Proposition8to nd aprocesR suchthatGext: | [X;V];fail:I[]* Rand

PjRis] ==) n(a:T)(P%jext;bi)  n(a:T)(P%exttd;bi) 6
We know thatG2 [s]P 2 P [r]Q and,by de nition, this givesus
Gext: I [X;V];fail : 1[]2 [s]PjR[s]2P QjRIr]
also.As 2 P is reduction-close@ndbarb-preservingwe musthave Qj R[s] ==) Q%for some
Q%+, suchthat(strengtheningo remove fail from the ervironment)
Gext: | [X;V]2 n(a: T)(PY%extid;bi) 2 P QX (1)
n(a:T)chv i

By PropositiorBwehave Q% n(a: T)(QYexthw;bi) for someQPandw andQ ——==) Q°
Thistellsusthat

(G Ir1Q = (& W=x;r]Q)
andmoreawer, by applyingPropositior9 to (1), we seethat
X;Gb:V2 [U=X;s]P2PW=X;r]Q:
whichis to say
&2 [s9PR [W=X;r]Q:

asrequired.

C Pierceand Sangiorgi's polymorphic bisimulation is our unifying
bisimulation

Pierceand Sangiogi's de nition of polymorphicbisimulationrelieson an “allow relation’' [23,

Defn 12.1.1]which, rewritten to t our notation,is almostthe sameasin De nition 12. The

“almost' is the additionof the condition"T aregeneratre' to Rule A-INP which is missingin
theirformulation:this appeardo beaslight errorin their de nition.

De®nition 12 (Allow Relation). Theallow relation(Gks) - (G°ks9%, where Gs] andGs9
are closed,is de®nedby:
(A-TAU)

(Gks) =+ (Gks)

Ga:T thHdbi fag\ dom(G = 0 T aregeneantive

: (A-INP)
(Gks) B (Ga-TKs)
G ¢(X;x:V) ¥Y;Ga:Y bW
faX;Yg\ dom(Q =0 (mgu(V;W);s9 = (T=Y;s) (A-0uT)

n(a:T)chd bi

(Gks) ((X;¥;Ga:Y)[mgu(V; W) ks9

Theweak,asynchronouformulationof PierceandSangiogi's de nition of polymorphicbisim-

ulation[23, Defn 12.2.2]is thenasin De nition 13. Readerdamiliar with their paperwill note
thatthisis thede nition withoutclause3(a),whichis their conjecturedully abstractmodel.
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De®nition 13 (Polymorphic bisimulation). A polymorphic(asyntironousweak)simulationR
is atypedrelation on closedcon®guiationssud thatif G2 [s]PR [r]Q then:

Cifp = PothenwehaveQ ==) Q°for someG? [s]P°R [r]Q%

Cif (Gks) T (Pks9 then(kr) T (Pkr Y and(Qjchwibi) ==) QPfor some
G°2 [s(}(PJchJ i) R [r9Q°
3. if (Gks) MDD (0,50 angp MDD poyhenGkr) HEVIVD (D10 ang
n(a:V)chv bi

Q =======) QPfor someG? [s9PR [r9QC
A polymorphicbisimulationis a simulationwhoseinverseis also a simulation.Let' be the
largestpolymorphicbisimulation.
Proposition10. ' and¥coincide
Proof. We have to shav two properties¥4 is a polymorphicsimulation,and’ is a simulation.
We considereachof thesein turn.
Y is a polymorphic simulation. Considerary G2 [s]P Y4[r ]Q.
1.IfP _t PO then by Rule TR-SILENT andthe de nition of bisimulation,we have
Q ==) Q%or someG?2 [s]P%%[r]Qasrequired.
2. 1f (Gks) T (g8 Tks) thenby Rule A-InP we have:
Ga:T cHdbi fag\ dom(G = 0 T aregeneratie
andsowe alsohave:

O bl

(Gkr) 8 (Ga:Tkr)

Moreover, we have:

(G‘ [S]P) n(a:T)c[o;b]

andsoby de nition of bisimulation:

(G\ 5]Q) n(a:T)c[ud]

(Ga:T " [s]Pjchd[s]bi)

). (Ga: T [r]QY) Ga:T2 [s]Pjchidbi %Q°
which mustcomefrom RulesTR-SILENT and TR-RECEP where:
Q==) Q¥ QMewr)vi =) Q°

andsofrom R-PAR we have:

Qjcir]bi =) Q°
asrequired.
3. If (Gks) NET)enb (CksY andP —————=" POthenby Rule A-OuT we have:
A= (X;¥;Ga:Y)[mguV;W)] G oX;x:V) Y;Ga:Y b:W
fa;X;Yg\ dom(G = 0 (mgu(V;W);s% = (T=Y;s)
andby Rule TR-OuT-U we have:

N n(aY)chXbVi N
(G [s]P) ——— (G [s9P9
andso, by de nition of ¥ we have:
n(a’Y)ChXbVl

(G [rjQ ——) (G [NIH 2 PuQ°
which mustcomefrom RulesTR-SILENT andTR-OuT-U where:
n(a:T9)chd %bi

Q === ) QO

n(a:T)chd [bi

asrequired.
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' isasimulation. Considerary G2 [s]P' [r]Q.

1. If (G [s]P) = (G" [s]PY thenby Rule TR-SILENT andthede nition of polymor
phic bisimulationwe have (G* [r]Q) ==) (G" [r]Q9 for someG2? [s]P” [r]QPas
required.

2. If (G [s]P) (Ga:T " [s]PY thenby Rule TR-RECEP we have:
PO= Pjchdbi[s] Ga:T ciibi fag\ dom(G) = 0 T aregeneratie

n(a:T)c[o;b]

andsoby Rule A-INP we have:

(Gks) L (Ga:TKs)

which meandy de nition of polymorphicbisimulationwe have:
Qicrbi ==) Q Ga:T2 [s]P” [r]Q°

soby RulesTR-RECEP and TR-SILENT we have:

(6" Q) =25 (Ga:T" 1Y
asrequired. '
3. 1f (G [s]P) MEVXEYT (0~ [59PY) thenby TR-OUT-U we have:

@= (X¥;Gb:Y)mguv;w)] P EDIEL po
G cX;x:V) Y;Ga:Y Dh:W
faX;Yg\ dom(G =0 (mgu(V;W);s9 = (T=Y;s)
andsoby Rule A-OuT we have:

(Gks) MEDIVB (o . Ga:¥)mgu(v; W) ksY

which meansby thede nition of polymorphicbisimulationwe have:
n(a:T 9chd %pi

(Gkr) MU (s @ HEEEE @ & (9P [r9Q°
soby Rule A-OuT we have:
(mgu(v;w);r9 = (T&v;ir)
andhenceby RulesTR-OuT-U andTR-SILENT we have:
n(aY)chX i

(G IrlQ =—=) (& [rId)
asrequired.
Thus,%and' coincide.

D Strongtyping for if-then-else

De®nition 14 (Strongtyping). Write G™ s P whentheprocesgypingG™ P canbederivedusing
RuleT-TEST-Sin placeof T-TEST-W.

De®nition 15 (Strong typed contextual equivalence).Let2 g be the contextual equivalence
genertedby typesystenG" s P.

De®nition 16 (Strong closingsubstitution). A substitutiors strongly closesGif:
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1. dom(s) p dom(G),

2. Gs]isclosed,

3. foranyx: T 2 Gandx:U 2 G, if x= ythenT = U, and

4, foranyx: T 2 Gandy:U 2 G if x[s]= y[s]andT = U thenx=y.

Proposition 11 (Strong closed extension).For any s which strongly closesG, and for any
closedds];b: V, there existsuniquey (up to renamingfreshlychosenvariables)and unique
s%1 s sud thatsstronglycloses(Gx: V) andy[s9 = b.

De®nition 17 (Strong typed labelled transitions). Write C 2 s Cowhenthelabelledtransi-

tionC £ COcan bederivedusingRule TR-OuUT-Sin placeof TR-OUT-W.
p N@TIUD 5o - c(X;x:V) fa;Xg\ dom(G =0
sOf (U=X;s) sOstronglycloses(X;Gy:V) ¥sq=D Zs9==a

— (TR-OuT-9)
G [s]P) 2TOF (% Gy v [s9PY

De®nition 18 (Strong typed bisimulation). Write ¥ for the bisimulationgeneatedby the la-
belledtransitionsystenC = ¢C°

Theorem4 (Full abstraction of strong typed bisimulation for strong typed contextual
equivalence).G2 P Y%g" Qif andonlyif G2 P25 Q.

E Unifying typing for if-then-else

De®nition 19 (Unifying typing). Write G P whenthe processtypingG" P can be derived
usingRuleT-TEST-U in placeof T-TEST-W.

De®nition 20 (Unifying typed contextual equivalence).Let® , bethe contectual equivalence
geneatedby typesystenG™ , P.

De®nition 21 (Unifying typed labelled transitions). Write C i u COwhenthelabelledtran-

sitionC & COcan bederivedusingRule TR-OuT-U in placeof TR-OUT-W.
p MATIUD 50 G oxix:V) YiGa:Y bW
faX;Yg\ dom(Q =0 (mgu(V;W);s% = (T=Y;s)

By v (TR-OuT-U)
(G [s]p) MEMIEDYL (v G- ¥)[mgu(v; W) [s9PY

De®nition 22 (Unifying typed bisimulation). Write ¥4, for the bisimulationgenerted by the
labelledtransitionsystenC & |, C0

Theorem5 (Full abstraction of unifying typed bisimulation for unifying typed contextual
equivalence).G2 P Y Qif andonlyif G2 P2, Q.
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