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Abstract. The problemof �nding a fully abstractmodel for the polymorphic
p-calculuswasstatedin PierceandSangiorgi's work in 1997andhasremained
opensincethen.In this paper, weshow thata slight variantof their languagehas
a direct fully abstractmodel,which doesnot dependon typeuni�cation or log-
ical relations.This is the �rst fully abstractmodelfor a polymorphicconcurrent
language.In addition,we discussthe relationshipbetweenour work andPierce
andSangiorgi's, andshow that their conjecturedfully abstractmodelis, in fact,
soundbut not complete.

1 Intr oduction

Finding soundandcompletemodelsfor languageswith polymorphictypesis notori-
ouslydif®cult. Considerthe following implementationof a polymorphic`or' function
in Java5.0[17]:

static<X> X or (X t, X a, X b) {
if (a == t) { return a; } else { return b; }

}

This implementationof or takesa type parameterX, which will be instantiatedwith
the representationchosenfor the booleans,togetherwith threeparametersof type X:
a constantfor `true', andthevaluesto be `or'ed. This functioncanbecalledin many
differentways,for example4:

or.<int> (1, 0, 1); or.<bool> (true, false, true);

In eachcase,thereis noway for thecalleeto determinetheexacttypethecallerinstan-
tiatedfor X, andsonomatterwhatimplementationfor or is used, thereis noobservable
differencebetweentheabove programandthefollowing:

or.<int> (1, 0, 1); or.<string> ("true", "false", "true");

? This materialis baseduponwork supportedby theNationalScienceFoundationunderGrant
No. 0430175

4 Javapuristsshouldnotethatthisdiscussionassumesfor simplicity thatdowncastingandre�ec-
tion arenot beingused,anda particularimplementationof autoboxing,for examplethecode
or.<int> (1, 0, 1) is implementedasInteger x = new Integer(1); Integer y =
new Integer(0); or.<Integer> (x, y, x) .



or thefollowing:

or.<int> (1, 0, 1); or.<int> (2, 3, 2);

However, thereis anobservabledifferencebetweentheabove programsand:

or.<int> (1, 0, 1); or.<int> (1, 0, 1);

sincewecanusethefollowing implementationof or to distinguishthem:

static Object x=null;
static<X> X or (X t, X a, X b) {

if (a == x) { System.out.println ("hello"); } else { x=a; }
if (a == t) { return a; } else { return b; }

}

This exampledemonstratessomesubtletieswith polymorphiclanguages:thepresence
of impure features(suchasmutable®elds in this case)andequality testing(suchas
a == x in this case)cansigni®cantlyimpactthedistinguishingpower of tests.In the
caseof purelanguagessuchasSystemF [10], thetechniqueof logical relations[27,24]
canbeusedto establishequivalenceof all of theabove calls to or , which is evidently
brokenby theadditionof impurity andequalitytesting.

Much of thework in ®ndingmodelsof purepolymorphiclanguagescomesin ®nd-
ing appropriatetechniquesfor modellingparametricity[26,27] to show thatprograms
arecompletelyindependentof the instantiationsfor their typeparameters.Suchpara-
metricity resultsare surprisinglystrong,and can be usedto establish`theoremsfor
free' [31] suchasthe functoriality of the list type constructor. The strengthof the re-
sulting theorems,however, comesat a cost:theproof techniquesrequiredto establish
themarequitedif®cult. In particular, evenproving theexistenceof logical relationsis
problematicin thepresenceof recursive types[24].

In this paper, we show that providing modelsfor impurepolymorphiclanguages
with equality testing can be surprisingly straightforward. We believe that the tech-
niquesdiscussedherewill extend to the polymorphicfeaturesof languagessuchas
Java5.0[17], andC#2.0[7]: F-boundedpolymorphism[5], subtyping,recursive types
andobject features.In this paper, we will investigatea minimal impurepolymorphic
languagewith equalitytesting,basedon PierceandSangiorgi's work [23] on a poly-
morphicextensionof Milner etal.'s [21,20] p-calculus.

PierceandSangiorgi haveestablishedasoundmodelfor apolymorphicp-calculus,
but they only conjecturedcompleteness[23, Sec.12.2]. In this paper, we develop a
soundandcompletemodelfor apolymorphicp-calculus:theresultingmodelandproof
techniquesareremarkablystraightforward. In particular, our modelmakesno useof
type uni®cation,which is an importantfeatureof PierceandSangiorgi's model.We
thencompareour modelto theirs,andshow that oursis strictly ®ner: hencewe have
resolvedtheiroutstandingconjecture,by demonstratingtheirmodelto besoundbut not
complete.

This is the ®rst soundandcompletemodel for a polymorphicp-calculus:Pierce
and Sangiorgi [23] and Hondaet al. [3] have establishedsoundnessresults,but not
completeness.
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a;b;c;d (Names)

x;y;z (Variables)

n;m ::= a j x (Values)

P;Q;R ::= n(~X;~x : ~T) :P j nh~T;~ni j 0 j Pj Q (Processes)
j n(a : T)P j !P j if n = mthenPelseQ

Fig.1. Syntax

2 An AsynchronousPolymorphic Pi-Calculus
The languagewe investigate in this paperis an asynchronousvariant of Pierceand
Sangiorgi's polymorphicp-calculus.This is an extensionof the p-calculuswith type-
passingin additionto value-passing.

2.1 Syntax

Thesyntaxof theasynchronouspolymorphicp-calculusis givenin Figure1. Thesyn-
tax makesuseof types(rangedover by T;U;V;W) andtypevariables(rangedover by
X;Y;Z), whicharede®nedin Section2.3.

De�nition 1 (Freeidenti�ers). Write fn(P) for thefreenamesof P, fn(n) for thefree
namesof n, fv(P) for thefreevariablesof P, fv(n) for thefreevariablesof n, ftv(P) for
thefreetypevariablesof P andftv(T) for thefreetypevariablesof T.

De�nition 2 (Substitution). Let s be a substitutionof the form (~V=~X;~n=~x), and let
n[s], T[s] andP[s] bede�nedto bethecapture-freesubstitutionof typevariables~X by
types~V andvariables~x by values~n, de�nedin thenormalfashion.Let thedomainof a
substitutiondom(s) bede�nedasdom(~V=~X;~n=~x) = f ~X;~xg.

De�nition 3 (Processcontexts).A processcontext C[¢] is a processcontainingone
occurrenceof a `hole' (¢). Write C[P] for theprocessgivenby replacingtheholebyP.

Wepresentanexampleprocess,following [23], in theuntypedp-calculus,in which
we implementabooleanabstractdatatypeas:

n(t)n( f )n(test)(getBoolsht; f ;testi j !t(x;y) : xhi j ! f (x;y) : yhi j !test(b;x;y) : bhx;yi )

Thisprocessgeneratesnew channelst, f andtest, whichit publishesonapublicchannel
getBools. It thenwaitsfor inputonchannelt: whenit receivesapair (x;y) of channels,
it sendsasignalonx. Thesameis truefor channelf exceptthatit sendsthesignalony.
Finally, ona testchannelwewait to besentabooleanb (whichshouldeitherbet or f )
togetherwith apair (x:y) of channels,andjust forwardsthepairon to b, whichchooses
whetherto signalx or signaly asappropriate.Thiscanbetypedas:

B1
def= n(t : Bool)n( f : Bool)n(test : Test(Bool))(

getBoolshBool;t; f ; testi j
!t(x : Signal;y : Signal) : xhi j
! f (x : Signal;y : Signal) : yhi j
!test(b : Bool;x : Signal;y : Signal) : bhx;yi

)
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wherewede®ne:

Signal def= l [] Bool def= l [Signal;Signal] Test(T) def= l [T;Signal;Signal]

Theinterestingtypingis for thechannelgetBoolswheretheimplementationof booleans
is published:

getBools : l [X;X;X;Test(X)]

that is, the implementationtype Bool is never published:insteadwe just publish an
abstracttype X togetherwith the valuest : X, f : X andtest : Test(X). Sincethe im-
plementingtype is kept abstract,we shouldbe entitledto changethe implementation
without impacton the observablebehaviour of the system,for exampleby uniformly
swappingthepositionsof x andy:

B2
def= n(t : Bool)n( f : Bool)n(test : Test(Bool))(

getBoolshBool;t; f ; testi j
!t(x : Signal;y : Signal) : yhi j
! f (x : Signal;y : Signal) : xhi j
!test(b : Bool;x : Signal;y : Signal) : bhy;xi

)

As Pierceand Sangiorgi observe, as untypedprocessesB1 and B2 are easily distin-
guished,for exampleby thetestingcontext:

T def= ¢j n(a)n(b)(getBools(t; f ; test) : tha;bi j a() : chi j b() : dhi)

However, this processdoesnot typecheck,sincewhenwe cometo typecheckT, the
channelt hasabstracttypeX, not theimplementationtypeBool. We expectany sound
andcompletemodelto considerB1 andB2 equivalent.

An illustrativeexampleof acontextual inequivalenceis givenbelow. For somegen-
erative typeT considerthefollowing processes:

L = n(b : l [T];c : l [T];d : T)(ahT;T;b;b;c;di j c(y : T) : failhi)
L0 = n(b : l [T];c : l [T];d : T)(ahT;T;b;b;c;di j c(y : T) : 0)

anda typeenvironmentGwhich containsonly a : l [X;Y; l [X]; l [Y]; l [Y];X] anda suit-
abletypefor fail. Now it mayat ®rst appearthatL andL0shouldbeconsideredequiv-
alentwith respectto the type informationin G asthe privatenamed is only released
alongchannela at someabstracttype representedby X, say. And the privatenamec
is only releasedasa channelwhich carriesvaluesof abstracttypeY, say. In orderto
distinguishtheseprocessesa testtermwould needto obtaina valueof typeY to send
onc. However, thereis a testingcontext whichallows thenamed to becastto typeY:

R= a(X;Y;z : l [X];z0: l [Y];z00: l [Y];x : X) : (zhxi j z0(y : Y) : z00hyi )

It is easyto checkthatthis processis well-typedwith respectto G. Here,whenR com-
municateswith L andL0, thevectorof freshnamesis receivedalonga andthevariables
z andz0 arealiasedso that a further internalcommunicationwithin R sendsd asif it
wereof type X but receives it as if it wereof typeY. It can thenbe sentalongc to
interactwith theremainderof L andL0 to distinguishthem.
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µ ::= t j c(~U;~b) j n(~a : ~T)ch~U;~bi (UntypedLabels)

c(~X;~x : ~T) :P
c(~U;~b)- P[~U=~X;~b=~x]

(R-IN)
ch~U;~bi

ch~U;~bi- 0
(R-OUT)

P
µ- P0 bn(µ) \ fn(Q) = /0

Pj Q
µ- P0j Q

(R-PAR)

P
c(~U;~b)- P0 Q

n(~a:~T)ch~U;~bi- Q0 f~ag\ fn(P) = /0

Pj Q
t- n(~a : ~T)(P0j Q0)

(R-COM)

P
µ- P0 a 62fn(µ) [ bn(µ)

n(a : T)P
µ- n(a : T)P0

(R-NEW)
P

n(~a:~T)ch~U;~bi- P0 a 2 f~bgnf c;~ag

n(a : T)P
n(~a:~T;a:T)ch~U;~bi- P0

(R-OPEN)

!Pj P
µ- P0

!P
µ- P0

(R-REPL)

P
µ- P0

if a = athenPelseQ
µ- P0

(R-TEST-T)
a 6= b Q

µ- Q0

if a = bthenPelseQ
µ- Q0

(R-TEST-F)

Fig.2. UntypedLabelledTransitionsP
µ- P0(elidingsymmetricrulesfor Pj Q)

2.2 Dynamic Semantics

Theuntypedtransitionsemanticsfor theasynchronouspolymorphicp-calculusis given
in Figure2, andis the sameasPierceandSangiorgi's. We de®nethe freenamesof a
label fn(� ) as fn(t ) = /0, fn(c(~U;~b)) = f c;~bg andfn(n(~a : ~T)ch~U;~bi ) = f c;~bgnf~ag.
We also de®nethe boundnamesof a label bn(� ) as bn(t ) = bn(c(~U;~b)) = /0 and
bn(n(~a : ~T)ch~U;~bi ) = f~ag. Theuntypedsemanticsis usefulfor de®ningthe run-time
behaviour of processes,but is not immediatelyappropriatefor de®ning a notion of
equivalence,asit distinguishestermssuchasB1 andB2 which cannotbedistinguished
by any well-typedenvironment:

B1
n(t:Bool; f :Bool;test:Test(Bool))getBoolshBool;t; f ;testi- t(a;b)- ahi-

B2
n(t:Bool; f :Bool;test:Test(Bool))getBoolshBool;t; f ;testi- t(a;b)- bhi-

Thesebehaviourscorrespondto theuntypedtestT, but do not correspondto any well-
typedtest,which only hasaccessto the abstracttype X andnot to the concretetype

Bool. As a result,no well-typedtestcancausetheaction
t(a;b)- to beperformed.We

will comebackto thispoint in Section3.2.
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X;Y;Z (TypeVariables)

T;U;V;W ::= X j l [~X;~T] (Types:X is non-generative, l [~X;~T] is generative)

G;D ::= ~X;~n : ~T (TypingContexts)

X 2 G
G` X

(T-TVAR)
~X;G` ~T f ~Xg\ dom(G) = /0 ~X disjoint

G` l [~X;~T]
(T-CHAN)

~X ` ~T
~X;~n : ~T ` ¦

(T-ENV)
G` ¦ (n : T) 2 G

G` n : T
(T-VAL)

G` n : l [~X;~T] ~X;G;~x : ~T ` P f ~X;~xg\ dom(G) = /0 ~x disjoint
G` n(~X;~x : ~T) :P

(T-IN)

G` n : l [~X;~U] G` ~n : ~U[~T=~X]
G` nh~T;~ni

(T-OUT)

G` ¦
G` 0

(T-NIL)
G` P G` Q

G` Pj Q
(T-PAR)

G;a : T ` P a 62dom(G) ftv (T) µ dom(G) T is generative
G` n(a : T)P

(T-NEW)

G` P
G` !P

(T-REPL)
G` n : T G` m: U G` P G` Q

G` if n = mthenPelseQ
(T-TEST-W)

Fig.3. TypeSystem,with judgementsG` T, G` ¦ , G` n : T andG` P

2.3 Static Semantics

Thestaticsemanticsfor theasynchronouspolymorphicp-calculusis givenin Figure3
where the domainof a typing context dom(G) is dom(~X;~n : ~T) = f ~X;~ng, the free
namesof a typing context fn(G) arefn(~X;~n : ~T) = fn(~n), the free variablesof a typ-
ing context fv(G) arefv(~X;~n : ~T) = fv(~n), andthefreetypevariablesof atypingcontext
ftv(G) are ftv(~X;~n : ~T) = f ~Xg [ ftv(~T). We say that a typing context D is closedif
fv(D) = ftv(D) = /0 andmoreover for any a : T 2 Danda : U 2 DthenT = U. Wewrite
G[s] asthetypingcontext givenby (~X;~n : ~T)[~W=~Y;~m=~y] = (~X n~Y;~n[~m=~y] : ~T[~W=~Y]).

This is quitea simpletypesystem,asit doesnot includesubtyping,boundedpoly-
morphism,or recursive types,althoughwe expect that suchfeaturescould be added
with little extracomplexity.

In Section4, we will discusstherelationshipbetweenthis typesystemandthatof
PierceandSangiorgi. For themoment,we will just highlight onecrucialnon-standard
point aboutour typing judgement:we areallowing identi®ersto have morethanone
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typein a typingcontext. For example:

X;Y;a : l [l [X]; l [Y]];b : l [X];b : l [Y] ` ahb;bi

To motivatetheuseof thesemulitcontexts considertheprocesses

P def= c(X;Y;x : l [l [X]; l [Y]]) : x(y : l [X];z : l [Y]) : xhy;zi

Q def= n(a : l [l [int]; l [int]])n(b : l [int])chint; int;ai j ahb;bi

whichcaninteractasfollows:

Pj Q
t- n(a : l [l [int]; l [int]])(a(y : l [int];z : l [int]) : ahy;zi j n(b : l [int])(ahb;bi ))
t- n(a : l [l [int]; l [int]])n(b : l [int])ahb;bi

This interactioncomesaboutdue to the following labelledtransitionsfrom P (with
appropriatematchingtransitionsfrom Q):

P
c(int ;int ;a)- a(y : l [int];z : l [int]) : ahy;zi
a(b;b)- ahb;bi

Now, P typechecksas:
c : l [X;Y; l [l [X]; l [Y]]] ` P

andwe would like to ®nd anappropriatetyping for ahb;bi . Theobvioustyping would
be to useQ's choiceof concreteimplementationof X andY asint however in order
to reasonaboutP independentlyof Q we mustchoosea typing which preservestype
abstractionandis independentof any choiceprovidedby Q. To do thisweusea typing
whichmorecloselyresemblesP'sview of theinteraction:

X;Y;c : l [X;Y; l [l [X]; l [Y]]];a : l [l [X]; l [Y]];b : l [X];b : l [Y] ` ahb;bi

whichmakesauseof two differenttypesfor b in thetypeenvironment.
PierceandSangiorgi do not allow multiple typingsfor thesameidenti®er:instead,

they usetypeuni�cation for thesamepurpose.In theirmodel,thetypesX andY above
would be uni®ed,andso b would just have onetype b : l [X]. This producesa model
which is sound,but not complete,aswediscussin Section4.

An alternative strategy to eithermultiple typingsfor variablesor type uni®cation
would be subtypingwith intersectiontypes[6,28], which ensurethat meetsexist in
the subtyperelation.Subtypingwith meetsare used,for example,by Hennessyand
Riely [12] to ensuresubjectreduction.Intersectiontypeswould provide this language
with pleasantpropertiessuchasprincipal typing, which it currently lacks,but at the
costof complexity.

3 Equivalencesfor AsynchronousPolymorphic Pi-Calculus

Processequivalencehasa long history, includingMilner's [19] bisimulation,Brookes,
HoareandRoscoe's [4] failures-divergencesequivalence,andHennessy's [11] testing
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equivalence.In this paper, we will follow Pierceand Sangiorgi [23] and investigate
contextualequivalenceonprocesses[13,22].

Contextual equivalencehasa very naturalde®nition:it is themostgenerousequiv-
alencesatisfyingthreenaturalproperties:reductionclosure (that is, respectingtheop-
erationalsemantics),contextuality (that is, respectingthesyntaxof the language),and
barbpreservation(thatis, respectingoutputonvisiblechannels).

Unfortunately, althoughcontextual equivalencehasa very naturalde®nition, it is
dif®cult to reasonaboutdirectly, due to the requirementof contextuality. Sincecon-
textuality requiresprocessesto beequivalentin all contexts, to show contextual equiv-
alenceof P andQ, we have to show contextual equivalenceof C[P] andC[Q] for any
appropriatelytypedcontext C: moreover, attemptsto show thisby inductiononC break
down dueto reductionclosure.

The problemof showing processesto be contextually equivalent is not restricted
to polymorphicp-calculi, for examplethis problemcomesup in treatmentsof the l -
calculus[2], monomorphicp-calculus[20] andobjectlanguages[1]. Thestandardso-
lution is to askfor a fully abstract model,whichcoincideswith contextualequivalence,
but is hopefullymoretractable.

Theproblemof ®ndingfully abstractmodelsof programminglanguagesoriginates
with Milner [18], andwasinvestigatedin depthby Plotkin [25] for thefunctionallan-
guagePCF. For polymorphiclanguages,logicalrelations[27] allow for theconstruction
of fully abstractmodels[24] but requireaninductionon type,andsobreakdown in the
presenceof recursive types.SumiiandPiercehaverecentlyshown thatahybrid of con-
text bisimulationandlogical relations[30] yieldsa fully abstractmodelin thepresence
of recursive types.

Themonomorphic®rst order[20] andhigher-order[29] p-calculushave quitesim-
plefully abstractmodels,but to datetheonly known modelsfor polymorphicp-calculus
havebeensoundbut notcomplete[23,3]. Wewill now show thataverydirecttreatment
of type-respectinglabelledtransitionsgeneratesa fully abstractbisimulationequiva-
lencewhichmakesnouseof logical relationsor typeuni®cation.

3.1 Contextual Equivalence

Processcontextsaretypedasfollows:D` C[G] whenever8(G` P) :(D` C[P]). A typed
relationon closedprocessesR is a setof triples (G;P;Q) suchthat G` P andG` Q
suchthatGis closed.Wewill typically write G² P R Q whenever (G;P;Q) 2 R . Given
any typedrelationonclosedprocessesR , wecande®neits openextensionR± to bethe
typedrelationon processesgivenby G² P R± Q whenever G[s];D ² P[s] R Q[s] for
any closedtypingenvironmentof theform (G[s];D).

De�nition 4 (Reductionclosure).A typedrelationR onclosedprocessesis reduction-

closedwhenever D ² P R Q and P
t- P0 implies there exists someQ0 such that

Q ==) Q0andD² P0R Q0.

De�nition 5 (Contextuality). A typedrelation R on closedprocessesis contextual
wheneverG² P R± Q andD` C[G] impliesD² C[P] R± C[Q].

De�nition 6 (Barb preservation). A typedrelation R on closedprocessesis barb-

preservingwheneverD² P R Q andP
ahi- impliesQ ==

ahi
) .
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a ::= t j n(~a : ~T)c[~U;~b] j n(~a)ch~X;~b : ~Vi (TypedLabels)

C ::= (G` [s]P) (Con�gurations)

P
t- P0

(G` [s]P)
t- (G` [s]P0)

(TR-SILENT)

G;~a : ~T ` ch~U;~bi f~ag\ dom(G) = /0 ~T aregenerative

(G` [s]P)
n(~a:~T)c[~U;~b]- (G;~a : ~T ` [s]Pj (ch~U;~bi [s]))

(TR-RECEP)

P
n(~a:~T)ch~U;~bi- P0 G` c(~X;~x : ~V) : 0 f~a;~Xg\ dom(G) = /0

(G` [s]P)
n(~a)ch~X;~b:~Vi- (~X;G;~b : ~V ` [~U=~X;s]P0)

(TR-OUT-W)

Fig.4. TypedLabelledTransitionsC
a- C0

We cannow de®necontextual equivalence»= asthe openextensionof the largest
symmetrictyped relation on closedprocesseswhich is reduction-closed,contextual
andbarb-preserving.Therequirementof contextuality makesit very dif®cult to prove
propertiesaboutcontextual equivalence,andsowe investigatebisimulationasa more
tractableproof techniquefor establishingcontextualequivalence.

3.2 Bisimulation

As a ®rst attemptto ®nd a moretractablepresentationof contextual equivalence,we
couldusebisimulation. Unfortunately, aswe discussedin Section2.2,our untypedla-
belledtransitionsystemdoesnot respectthe typesystem,andsogivesrise to too ®ne
an equivalence.We thereforeinvestigatea restrictedlabelledtransitionsystemwhich
respectstypes:this is de®nedin Figure4. Thetransitionsystemis givenby a relation:

(G` [s]P)
a- (G0` [s0]P0)

betweencon®gurationsof theform (G` [s]P). Thesecomprisethreeconstituentparts:

– P is theprocessbeingobserved:afterthetransition,it becomesprocessP0.
– Gis theexternalview of thetyping context P operatesin. This externalview may

not have completeinformationaboutthe types,for exampleP mayhave exported
theconcretetype int asanabstracttypeX. Only X will be recordedin the typing
context. As P exportsmoretypeinformation,Gmaygrow to becomeG0. It is here
thatwemake useof themultipleentriesin typeenvironments.

– s is a typesubstitution,mappingtheexternalview to theinternalview. This map-
ping providescompleteinformationaboutthe typesexportedby P, for example
int=X recordsthatexternaltypeX is internaltypeint. Notethatthis substitutionis
not appliedto P, we representthatwith thealternative notationP[s].

Therearethreekindsof transitions:
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– Silenttransitions(G` [s]P)
t- (G` [s]P0) whichareinheritedfrom theuntyped

transitionsystem.

– Receptivitytransitions(G` [s]P)
n(~a:~T)c[~U;~b]- (G;~a : ~T ` [s]Pj (ch~U;~bi [s])) which

allow theenvironmentto senddatato theprocess.Werequirethemessageto type-
check,andwe allow theenvironmentto generatenew names,which arerecorded
in thetypeenvironment.We aremodellinganasynchronouslanguage,andsopro-
cessesarealwaysinput-enabled.Notethattheprocessis sendingno informationto
theenvironment,sothetypesubstitutions doesnot grow. Notealsothat themes-
sageis typedusingtheexternalview Gbut musthave thetypemappings applied
to it for it to bemappedto theinternaltypeconsistentwith P.

– Outputtransitions(G` [s]P)
n(~a)ch~X;~b:~Vi- (~X;G;~b :~V ` [~U=~X;s]P0) whichallow the

processto senddatato theenvironment.Thechannelbeingusedto communicate
with theenvironmentmustbetypedl [~X;~V], sothetypingcontext is extendedwith
abstracttypes~X andthenew typeinformation~b : ~V. This mayresultin morethan
onetypebeinggivento thesamename,which is why weallow duplicateentriesin
typingcontexts.TheprocessP musthaveprovidedconcreteimplementations~U of
theabstracttypes~X: thesearerecordedin thetypesubstitution.

To demonstratehow our typed labelledtransitionscan be usedwe return to the
exampleabove of processesL andL0andtypeenvironmentG. We show a sequenceof
typedtransitionsfrom (G` []L) whichcannotbematchedby (G` []L0):

(G` []L)
n(b;c;d)ahX;Y;b:l [X];b:l [Y];c:l [Y];d:Yi- (G0` [s]c(y : l [T]) : failhi)

wheres is [T;T=X;Y] andG0 is X;Y;G;b : l [X];b : l [Y];c : l [Y];d : X. At thispointwe
would like to useRule TR-RECEP to provide a messageon channelc to facilitatea
communication,however, thereis no nameof theappropriatetype listed in G0 andthe
restrictionto generative typesfor the freshnamesmeansthat this cannotyet bedone.
However, notethefollowing transitions:

(G0` [s]c(y : l [T]) : failhi)
b[d]- (G0` [s]c(y : l [T]) : failhi j bhdi )
bhdi- (G0;d : Y ` [s]c(y : l [T]) : failhi)
c[d]- (G0;d : Y ` [s]c(y : l [T]) : failhi j chdi )

==
failhi

)

in which thesecondtype listed for b in G0 is usedto justify thebhdi transition.These
transitionsserve to mimic the typecastingandsubsequentuseof theextrudednamed
by a testingcontext whicharecrucialto distinguishingL andL0.

We now formalise our notion of bisimulation equivalence.A typed relation on
closedcon®gurationsR isasetof 5-tuples(G;s;P; r ;Q) suchthatG[s] ` PandG[r ] ` Q
andbothG[s] andG[r ] areclosed.For conveniencewewill writeG² [s]PR [r ]Q when-
ever (G;s;P; r ;Q) 2 R .

De�nition 7 (Bisimulation). A simulationR is a typedrelationon closedcon�gura-

tionssuch that if G² [s]P R [r ]Q and(G` [s]P)
a- (G0` [s0]P0) thenwecanshow

10



(G` [r ]Q) ==
ba

) (G0` [r 0]Q0) for someG0² [s0]P0R [r 0]Q0. A bisimulationis a simu-
lation whoseinverseis alsoa simulation.Let¼ bethelargestbisimulation.

Wearenow in positionto show full abstractionof bisimulationfor contextualequiv-
alence,andsoprovidea tractablemodelof polymorphicp-calculus.

3.3 Soundnessof Bisimulation for Contextual Equivalence

Thedif®cult propertyto show is thatbisimulationis acongruence:from thisit is routine
to establishthatbisimulationimpliescontextual equivalence.Showing congruencefor
bisimulationis a well-establishedproblemfor processlanguages,going backto Mil-
ner [19]. In thecaseof polymorphicp, theproblemis in showing thatbisimulationis
preservedby parallelcomposition.Wedothisby constructingacandidatebisimulation:

G² [s]Pj R[s] R [r ]Qj R[r ] whenever G² [s]P ¼ [r ]Q
andG` R
ands andr aretypesubstitutions

andthenshowing that this is a bisimulation(up to sometechnicalitieswhich we shall
elide for the moment).This hasa routineproof, except for onecase,which is when
R[s] - R0[s ]. It is straightforward to establishthat type substitutionsdo not in�u-
encereduction,andso we have R[r ] - R0[r ], andall that remainsis to show that
G² [s]P j R0[s ] R [r ]Q j R0[r ]. Unfortunately, this is not directly possible,due to the
requirementthat G` R0. If we hada subjectreductionresultfor openprocesses,then
thiswouldberoutine,but this resultis not truedueto channelswith multiple types:

ahci j a(x : Y) : bhxi - 0j bhci
X;Y;a : l [X];a : l [Y];b : l [Y];c : X ` ahci j a(x : Y) : bhxi
X;Y;a : l [X];a : l [Y];b : l [Y];c : X 6` 0j bhci

PierceandSangiorgi's techniquefor dealingwith thisproblemis to introducetypeuni-
®cationto ensurethateverychannelhasauniquetype.Unfortunately, aswewill discuss
in Section4, theresultingsemanticsis incomplete.Insteadof usingsuchuni®cations,
we observe that in any casewheresubjectreductionfails, it doesso becauseof com-
municationonavisiblechannel:if thechannelwashiddenby an-binder, thenit would
have only onetype, andso subjectreductionholds.We thereforeobserve that in the
caseswheresubjectreductionfails to hold, theremustbe a pair of matchingvisible
reductionswhichcausedthecommunication.

Proposition1 (Opensubject reduction). If G` P andP
t- P00theneither:

1. G` P00, or

2. P
n(~a:~T)ch~U;~bi- c(~X;~b)- P0whereP00́ (n(~a : ~T)P0)[~U=~X].

In theexample(up to structuralequivalence):

ahci j a(x : Y) : bhxi
ahci- 0j a(x : Y) : bhxi
a(c)- 0j bhci

X;Y;a : l [X];a : l [Y];b : l [Y];c : X ` ahci j a(x : Y) : bhxi
X;Y;a : l [X];a : l [Y];b : l [Y];c : X;c : Y ` 0j a(x : Y) : bhxi
X;Y;a : l [X];a : l [Y];b : l [Y];c : X;c : Y ` 0j bhci

11



The crucial point is that theseextra transitionsby the testingcontext correspondto
complementarytypedtransitionsby theprocesssuchthat,after thevisible ahci output
action, the typing context G is extendedwith c : Y. The problematicresidualof the
test term R0 (0 j bhci in the example)can now be typed in this extendedG and the
bisimulationargumentcanbecompleted.

Theorem1 (Bisimulation is a congruence).If G² P ¼± Q thenD² C[P] ¼± C[Q] for
anyD` C[G].

Proof. Givenin AppendixA.

Theorem2 (Soundnessof bisimulation for contextual equivalence).If G² P ¼± Q
thenG² P »= Q.

Proof. It suf®cesto prove the resultfor closedprocesses,for which we needto show
that¼ is symmetric,reduction-closed,contextual andbarb-preserving.All of theseare
direct,exceptfor contextuality, which follows from Theorem1.

3.4 Completenessof Bisimulation for Contextual Equivalence

The proof of soundnessfor bisimulationrequiredsomenon-standardtechniques.In
comparison,theproof of completenessis quitestraightforward,andfollows theusual
de�nability argument[11,9,15] of showing thatfor every visible actiona, we can®nd
a processR which exactly testsfor theability to performa. Oncewe have established
de®nability, completenessfollows in astraightforwardfashion.

Theorem3 (Completenessof bisimulation for contextualequivalence).If G² P »= Q
thenG² P ¼± Q.

Proof. Givenin AppendixB.

4 Comparisonwith Pierceand Sangiorgi

In this paper, we have shown thatweakbisimulationis fully abstractfor observational
equivalencefor anasynchronouspolymorphicp-calculus.This is almostenoughto set-
tle theopenproblemsetby PierceandSangiorgi [23] of ®ndinga fully abstractseman-
tics for their polymorphicp-calculus.Thereare,however, somedifferencesbetween
their settingandours,mostof which we believe to beroutine,with oneimportantex-
ception:thetyperule for if-then-else.

4.1 Minor differ ences

Theminordifferencesbetweenourpolymorphicp-calculusandtheirsare:

1. Weareconsideringweakbisimulationratherthanstrongbisimulation.
2. Sincewe areconsideringweakbisimulation,we have not includedP+ Q in our

languageof processes.We expectthat this couldbe handledin theusualfashion,
by de®ningobservationalequivalenceonprocessesin thestyleof Milner [19].

12



3. We have treatedan asynchronousratherthana synchronouslanguage,sincethe
soundnessresult follows morenaturallyfor the resultingasynchronoustransition
system.We expect that a fully abstractbisimulationfor a synchronouslanguage
canbegivenby addingtransitionsfor synchronousinputaswell asreceptivity:

P
c(~U;~b)- P0 G;~a : ~T ` ch~U;~bi

f~ag\ dom(G) = /0 ~T aregenerative

(G` [s]P)
n(~a:~T)c(~U;~b)- (G;~a : ~T ` [s]P0)

(TR-IN)

Note that the labelusedherefor synchronousinput is distinct from the labelused
for receptivity.

4. We have useda variable-namedistinction,andsohave usedHondaandYoshida's
de®nitionof observationalequivalence[13]. See[8] for adiscussionof this issue.

5. Our type systemkeepstrack explicitly of free type variables,ratherthantreating
themimplicitly: this makessomeof the book-keepingeasier, at the costof some
additionalsyntacticoverhead.

Wedonotbelieve thatthesedifferencesaresubstantial.

4.2 Major differ ence:typing if-then-else

However, thereis oneimportantdifferencebetweenour languageandPierceandSan-
giorgi's, even thoughit mayappearat ®rst sight to bea minor point: the typerule for
if-then-else.In their paper, astrongtyperule is given:

G` n : T G` m: T
G` P G` Q

G` if n = mthenPelseQ
(T-TEST-S)

In our work, the weaker type rule T-TEST-W is used,which allows n andm to have
differenttypes.Note that in a languagewith subtypinganda top type, theserulesare
equivalent,sincewe canalwayschooseT to be the top type,andusesubsumptionto
derive T-TEST-W from T-TEST-S. In the absenceof subtyping,however, the rule T-
TEST-W allows moreprocessesto typecheck,so raisesthe expressive power of tests,
andhencemakesobservationalequivalence®ner. For example:

P def= n(b : l [int])n(c : l [string])ahint;string;b;ci

Q def= n(b : l [int])ahint; int;b;bi

As long as a : l [X;Y; l [X]; l [Y]] theseprocessescannotbe distinguishedby any test
whichusesthetyperule T-TEST-S, but they canbedistinguishedby:

R def= a(X;Y;x : l [X];y : l [Y]) : if x = ythendhi

which typechecksusingtyperule T-TEST-W. In fact,thereis a third possibletyperule
for if-then-else,whichmakesuseof typeuni®cation:

G` n : T G` m: U
mgu(T;U) = s ) G[s] ` P[s] G` Q

G` if n = mthenPelseQ
(T-TEST-U)

13



wheremgu(T;U) builds the mostgeneraltype substitutions suchthat T[s] = U[s].
This type rule is strictly weaker than T-TEST-W, andraisesthe expressive power of
testsevenfurther, andhencemakesobservationalequivalenceeven®ner. For example:

P def= n(c : l [int;string])n(d : l [int])ahint;string;c;di : bhstring;ci : d(x : int) : ehxi

Q def= n(c : l [int;string])n(d : l [int])ahint;string;c;di : bhstring;ci

As longasa: l [X;Y; l [X;Y]; l [X]], b : l [Z; l [int;Z]] ande: l [int], theseprocessescannot
bedistinguishedby any testwhichusesT-TEST-W, but they canbedistinguishedby:

R def= a(X;Y;x : l [X;Y];y : l [X]) : b(Z;z : l [int;Z]) : if x = zthenyh5i

which typechecksusingtyperule T-TEST-U. Wehave that:

– ThetyperuleT-TEST-W hasamatchingfully abstractbisimulationequivalence¼,
which for purposeof thisdiscussionweshallreferto as¼w (shown in Theorems2
and3).

– The type rule T-TEST-S hasa matchingfully abstractbisimulationequivalence
¼s (shown in AppendixD).

– The type rule T-TEST-U hasa matchingfully abstractbisimulationequivalence
¼u (shown in AppendixE).

Moreover:

– We have inclusionson theseequivalences:if G² P ¼w Q thenG² P ¼s Q for any
G` s P andG` s Q (andsimilarly for ¼u and¼w).

– Theabove examplesshow that the inclusionsarestrict: we have G² P 6¼w Q and
G² P ¼s Q for someG` s P andG` s Q (andsimilarly for ¼u and¼w).

– Thetyperule for if-then-elseusedby PierceandSangiorgi is T-TEST-S.
– PierceandSangiorgi'sbisimulationis thestrong,synchronousversionof ¼u (shown

in AppendixC).

Hence,sincesynchrony andweakbisimulationplay no role in theabove examples,we
have a resolutionof PierceandSangiorgi's conjecture:

– PierceandSangiorgi's polymorphicbisimulationis sound,but not complete,for
theirpolymorphicp-calculus.

Theseargumentsareformalisedin AppendicesC, D andE.

5 Conclusions

This papergivesthe®rst fully abstractsemanticsfor a polymorphicprocesslanguage.
Moreover thesemanticsis extremelystraightforward: theonly nonstandardpartof the
presentationis that namesaregiven morethanonetype in a type environment.This
correspondsto the ability for a polymorphicprogramto be sentthe samechannelat
multiple different types.In contrastto polymorphicl -calculi, polymorphicp-calculi
have theability to comparenamesfor syntacticequality, andsothereis aninternaltest
whichcandetectwhenthesamenamehasbeengivenmultipledifferenttypes.
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We believe that the techniquesgiven in this paperare quite robust (for example
thereareno usesof type induction)andcould be scaledwith little dif®culty to larger
typesystemswith featuressuchassubtyping,F-boundedpolymorphism,andrecursive
types.Moreover, object languagessuchasthe V-calculussupportobjectequality, and
sowe believe thatadaptingour previousfully abstractsemantics[14] for objects[1] to
dealwith genericobjectswouldalsobepossible.
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The remainingappendicesareonly in the online version

A Bisimulation is a congruence
De®nition 8 (Structural equivalence).Let ´ be the equivalencegeneratedby treatingj as a
monoidwith unit 0, satisfyingscopeextrusion,andclosedunderj andn(a : T).

De®nition 9 (n-extensionof a relation). For any typedrelation on closedcon®gurations R ,
de®neits n-extensionRn to bethetypedrelationonclosedcon®gurationsgeneratedby:

G² [s]P Rn [r ]Q wheneverG0² [s0]P0R [r 0]Q0

for someP ´ n(~a : ~T)P0;Q ´ n(~a : ~U)Q0

ands µ s0; r µ r 0;Gµ G0

De®nition 10 (Bisimulation up to n). A simulationup to n is a typedrelation on closedcon-

®gurations R such that if G² [s]P R [r ]Q and (G` [s]P)
a- (G0 ` [s0]P0) then we have

(G` [r ]Q) ==
ba

) (G0` [r 0]Q0) for someG0² [s0]P0Rn [r 0]Q0. A bisimulationup to n is a simula-
tion up to n whoseinverseis alsoa simulationup to n.

Proposition2 (Soundnessof bisimulation up to n). If R is a bisimulationupto n thenR µ ¼.

Proposition3 (Reductionunder type substitution). For anyprocessP andtypesubstitutions,

P[s]
µ- Q if andonly if wecan®nd µ0andQ0such thatP

µ0
- Q0, µ = µ0[s ] andQ = Q0[s ].

Proposition4 (Output reduction). If G ` P and P
n(~a:~T)ch~U;~bi- P0 then ~T are generative,

G;~a : ~T ` ch~U;~bi andG;~a : ~T ` P0.

Proposition5 (Input reduction). If G ` P and P
c(~X;~b)- P0 and f ~Xg \ dom(G) = /0 then

G` c(~X;~x : ~V) and~X;G;~b : ~V ` P0.

Proposition6 (Closed subject reduction). If G is a closedtyping environment,G ` P and

P
t- P0 thenG` P0.

Proposition7 (Labelled SubjectReduction).If (G` [s]P)
a- (G0` [s0]P0) and(G` [s]P) is

a closedcon®guration then(G0` [s0]P0) is alsoa closedcon®guration.

Wecannow proveTheorem1: if G² P ¼± Q thenD² C[P] ¼± C[Q] for any D` C[G].

Proof. We show that ¼± is preserved by eachof the processoperators,from which the result
follows by inductionon C. Thedif�cult caseis to show that¼± is preservedby j, which follows
if wecanestablishthatthefollowing relationis abisimulationup to n:

G² [s]Pj R[s] R [r ]Qj R[r ] wheneverG² [s]P ¼ [r ]Q
andG` R
ands andr aretypesubstitutions

SinceR is symmetric,it suf�ces from Proposition2 to show that R is a simulationup to n.
Considerany transitionof theform:

(G` [s]Pj R[s])
a- (G0` [s0]P00)

where:
G² [s]P ¼ [r ]Q G` R
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Wearerequiredtoestablishamatchingweaktransitionfor (G` [r ]Qj R[r ]), for whichweproceed
by caseanalysisona. Theinterestingcaseis whena = t , sofrom RuleTR-SILENT wehave:

Pj R[s]
t- P00

andweproceedby caseanalysison thederivationof this transition.Theinterestingcaseis when
thesymmetricform of RuleR-PAR wasused,andwehave:

R[s]
t- R000 P00= Pj R000

for whichweuseProposition3 to getthat:

R
t- R00 R000= R00[s ]

We thenuseProposition1 to gettwo cases,of which theinterestingoneis 2, wherewehave:

R
n(~a:~T)ch~U;~bi- c(~X;~b)- R0 R00́ (n(~a : ~T)R0)[~U[s]=~X;s]

sowecanusePropositions4 and5 to getthat~T aregenerativeand:

G;~a : ~T ` ch~U;~bi G;~a : ~T ` c(~X;~x : ~V) ~X;G;~a : ~T;~b : ~V ` R0

HencewecanuseRulesTR-RECEP andTR-OUT-W to establish:

(G` [s]P)
n(~a:~T)c[~U;~b]- (G;~a : ~T ` [s]Pj ch~U[s];~bi )

ch~X;~b:~Vi- (~X;G;~a : ~T;~b : ~V ` [~U[s]=X;s]Pj 0)

SinceG² [s]P ¼ [r ]Q wehave:

(G` [r ]Q) =======
n(~a:~T)c[~U;~b]

) (G;~a : ~T ` [r ]Q00)

====
ch~X;~b:~Vi

) (~X;G;~a : ~T;~b : ~V ` [~W=~X;r ]Q0)

where:
~X;G;~a : ~T;~b : ~V ² [~U[s]=X;s]P ¼ [~W=~X;r ]Q0

FromProposition3 wehave:

R[r ]
n(~a:~T[r ])ch~U[r ];~bi- c(~W;~b)- R0[~W=~X;r ]

andsoit is routineto establishusingRulesR-PAR andR-COM:

Qj R[r ] ==) n(~a : ~T[r ])Q0j R0[~W=~X;r ]

andhenceusingTR-SILENT:

(G` [r ]Qj R[r ]) ==) (G` [r ]n(~a : ~T[r ])(Q0j R0[~W=~X;r ]))

Finally, since~X;G;~a : ~T;~b : ~V ² [~U[s]=X;s]P ¼ [~W=~X;r ]Q0wehaveby de�nition of R :

~X;G;~a : ~T;~b : ~V ² [~U[s]=X;s]Pj R0[~U[s]=X;s] R [~W=~X;r ]Q0j R0[~W=~X;r ]

andhenceby de�nition of Rn:

G² [s]n(~a : ~T[s])(Pj R0[~U[s]=X;s]) Rn [r ]n(~a : ~T[r ])(Q0j R0[~W=~X;r ])

which is asrequired.
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B Completenessof bisimulation for contextualequivalence
De®nition 11. We de®nea typedrelation»= p on closedcon®gurationsby askingthat»= p bethe
largestrelationwhich is symmetric,reductionclosed,barbpreserving(with theseconceptslifted
to con®gurationsin theobviousway),andis closedwith respectto thefollowingcondition:

G;G0² [s ]Pj R[s] R [r ]Qj R[r ] wheneverG² [s]P ¼ [r ]Q
andG;G0` R
ands andr are typesubstitutions

Note immediately, thatG² P »= Q impliesG² P »= p Q. Thereforeit is suf�cient to prove com-
pletenessof ¼ with respectto »= p. Beforewe cando this we show two Propositionswhich will
be usedto executethe proof. We omit the proofs of theseas they follow the lines of similar
propositionsfor the(higher-order)p-calculus[15].

Proposition8 (Contextuality). If

(G` [s]P)
n(~a)ch~X;~b:~Vi- (G0` [s0]P0)

whereP
n(~a:~T)ch~U;~bi- P0 thenthereexistssomeprocessR,andext; fail 62dom(G) such that

G;ext : l [~X;~V]; fail : l [] ` R

and

Pj R[s] ==) n(~a : ~T)(P0j exth~U;~bi ) n(~a : ~T)(P0j exth~U;~bi ) 6+fail :

Moreover, for anyQ;r such thatQj R[r ] ==) Q00with Q006+fail wehave

Q00́ n(~a : ~T)(Q0j exth~W;~bi )

andQ =======
n(~a:~T)ch~W;~bi

) Q0 for some~W.

Proposition9 (Extrusion). If

G;ext : l [~X;~V] ² [s]n(~a : ~T)(Pj exth~U;~bi ) »= p [r ]n(~a : ~T)(Qj exth~W;~bi )

with~a µ ~b andext 62fn(P;Q) then

~X;G;~b : ~V ² [~U=~X;s]P »= p [~W=~X;r ]Q:

Wecannow proveTheorem3: if G² P »= Q thenG² P ¼± Q.

Proof. If suf�ces to prove theresultfor closedprocessesandfor »= p in placeof »= . We proceed
by coinductionby de�ning R to be

G² [s]P R [r ]Q wheneverG² [s]P »= p [r ]Q

and showing that R forms a bisimulationupto ´ . Supposethat G² [s]P R [r ]Q and further

supposethat (G` [s]P)
a- (G0` [s0]P0). We mustshow that (G` [r ]Q) hasa matchingtran-

sition. This is straightforward in the casesin which a is generatedby rules (TR-SILENT) or
(TR-RECEP). Otherwise,a is generatedby rule (TR-OUT-W), thatis

± a is of theform n(~a)ch~X;~b : ~Vi ,
± G0 is ~X;G;~b : ~V
± s0 is [~U=~X;s]

± andP
n(~a:~T)ch~U;~bi- P0
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Wecannow appealto Proposition8 to �nd aprocessRsuchthatG;ext : l [~X;~V]; fail : l [] ` Rand

Pj R[s] ==) n(~a : ~T)(P0j exth~U;~bi ) n(~a : ~T)(P0j exth~U;~bi ) 6+fail :

Weknow thatG² [s]P »= p [r ]Q and,by de�nition, thisgivesus

G;ext : l [~X;~V]; fail : l [] ² [s ]Pj R[s] »= p Qj R[r ]

also.As »= p is reduction-closedandbarb-preserving,we musthave Qj R[s] ==) Q00for some
Q006+fail suchthat(strengtheningto remove fail from theenvironment)

G;ext : l [~X;~V] ² n(~a : ~T)(P0j exth~U;~bi ) »= p Q00: (1)

By Proposition8 wehaveQ00́ n(~a: ~T)(Q0j exth~W;~bi ) for someQ0and~W andQ =======
n(~a:~T)ch~W;~bi

) Q0.
This tellsusthat

(G` [r ]Q)
a- (G0` [~W=~X;r ]Q0)

andmoreover, by applyingProposition9 to (1), weseethat

~X;G;~b : ~V ² [~U=~X;s]P »= p [~W=~X;r ]Q:

which is to say
G0² [s0]P R [~W=~X;r ]Q:

asrequired.

C Pierceand Sangiorgi'spolymorphic bisimulation is our unifying
bisimulation

PierceandSangiorgi's de�nition of polymorphicbisimulationrelieson an `allow relation' [23,
Defn 12.1.1]which, rewritten to �t our notation,is almostthe sameas in De�nition 12. The
`almost' is the additionof the condition`~T aregenerative' to Rule A-INP which is missingin
their formulation:thisappearsto beaslighterrorin their de�nition.

De®nition 12 (Allow Relation). Theallow relation(Gks)
µ- (G0ks0), whereG[s] andG0[s0]

areclosed,is de®nedby:

(Gks)
t- (Gks)

(A-TAU)

G;~a : ~T ` ch~U;~bi f~ag\ dom(G) = /0 ~T aregenerative

(Gks)
c[~U[s];~b]- (G;~a : ~T ks)

(A-INP)

G` c(~X;~x : ~V) ~Y;G;~a :~Y ` ~b : ~W
f~a;~X;~Yg\ dom(G) = /0 (mgu(~V;~W);s0) = (~T=~Y;s)

(Gks)
n(~a:~T)ch~U;~bi- ((~X;~Y;G;~a :~Y)[mgu(~V;~W)] ks0)

(A-OUT)

Theweak,asynchronousformulationof PierceandSangiorgi's de�nition of polymorphicbisim-
ulation[23, Defn 12.2.2]is thenasin De�nition 13. Readersfamiliar with their paperwill note
thatthis is thede�nition withoutclause3(a),which is their conjecturedfully abstractmodel.
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De®nition 13 (Polymorphic bisimulation). A polymorphic(asynchronousweak)simulationR
is a typedrelationonclosedcon®gurationssuch that if G² [s]P R [r ]Q then:

1. if P
t- P0 thenwehaveQ ==) Q0 for someG² [s]P0R [r ]Q0;

2. if (Gk s)
c[~U;~b]- (G0k s0) then(Gk r )

c[~W;~b]- (G0k r 0) and(Qj ch~W;~bi ) ==) Q0 for some
G0² [s0](Pj ch~U;~bi ) R [r 0]Q0;

3. if (Gk s)
n(~a:~T)ch~U;~bi- (G0k s0) andP

n(~a:~T)ch~U;~bi- P0 then(Gk r )
n(~a:~V)ch~W;~bi- (G0k r 0) and

Q =======
n(~a:~V)ch~W;~bi

) Q0 for someG0² [s0]P0R [r 0]Q0.

A polymorphicbisimulationis a simulationwhoseinverse is also a simulation.Let ' be the
largestpolymorphicbisimulation.

Proposition10. ' and¼ coincide.

Proof. We have to show two properties:¼ is a polymorphicsimulation,and' is a simulation.
Weconsidereachof thesein turn.
¼ is a polymorphic simulation. Considerany G² [s]P ¼ [r ]Q.

1. If P
t- P0 then by Rule TR-SILENT and the de�nition of bisimulation,we have

Q ==) Q0 for someG² [s]P0¼ [r ]Q0asrequired.

2. If (Gks)
c[~U[s];~b]- (G;~a : ~T ks) thenby RuleA-INP wehave:

G;~a : ~T ` ch~U;~bi f~ag\ dom(G) = /0 ~T aregenerative

andsowealsohave:

(Gk r )
c[~U[r ];~b]- (G;~a : ~T k r )

Moreover, wehave:

(G` [s]P)
n(~a:~T)c[~U;~b]- (G;~a : ~T ` [s]Pj ch~U[s];~bi )

andsoby de�nition of bisimulation:

(G` [s]Q) =======
n(~a:~T)c[~U;~b]

) (G;~a : ~T ` [r ]Q0) G;~a : ~T ² [s]Pj ch~U;~bi ¼ Q0

whichmustcomefrom RulesTR-SILENT andTR-RECEP where:

Q ==) Q00 Q00j ch~U[r ];~bi ==) Q0

andsofrom R-PAR wehave:

Qj ch~U[r ];~bi ==) Q0

asrequired.

3. If (Gks)
n(~a:~T)ch~U;~bi- (G0ks0) andP

n(~a:~T)ch~U;~bi- P0 thenby RuleA-OUT wehave:

G0= (~X;~Y;G;~a :~Y)[mgu(~V;~W)] G` c(~X;~x : ~V) ~Y;G;~a :~Y ` ~b : ~W
f~a;~X;~Yg\ dom(G) = /0 (mgu(~V;~W);s0) = (~T=~Y;s)

andby RuleTR-OUT-U wehave:

(G` [s]P)
n(~a:~Y)ch~X;~b:~Vi- (G0` [s0]P0)

andso,by de�nition of ¼ wehave:

(G` [r ]Q) =========
n(~a:~Y)ch~X;~b:~Vi

) (G0` [r 0]Q0) G0² P0¼ Q0

whichmustcomefrom RulesTR-SILENT andTR-OUT-U where:

Q ========
n(~a:~T0)ch~U0;~bi

) Q0

asrequired.
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' is a simulation. Considerany G² [s]P ' [r ]Q.

1. If (G` [s]P)
t- (G` [s]P0) thenby RuleTR-SILENT andthede�nition of polymor-

phicbisimulation,wehave (G` [r ]Q) ==) (G` [r ]Q0) for someG² [s]P0' [r ]Q0as
required.

2. If (G` [s]P)
n(~a:~T)c[~U;~b]- (G;~a : ~T ` [s]P0) thenby RuleTR-RECEP wehave:

P0= Pj ch~U;~bi [s] G;~a : ~T ` ch~U;~bi f~ag\ dom(G) = /0 ~T aregenerative

andsoby RuleA-INP wehave:

(Gks)
c[~U[s];~b]- (G;~a : ~T ks)

whichmeansby de�nition of polymorphicbisimulationwehave:

Qj ch~U[r ];~bi ==) Q0 G;~a : ~T ² [s]P0' [r ]Q0

soby RulesTR-RECEP andTR-SILENT wehave:

(G` [r ]Q) =======
n(~a:~T)c[~U;~b]

) (G;~a : ~T ` [r ]Q0)

asrequired.

3. If (G` [s]P)
n(~a:~Y)ch~X;~b:~Vi- (G0` [s0]P0) thenby TR-OUT-U wehave:

G0= (~X;~Y;G;~b :~Y)[mgu(~V;~W)] P
n(~a:~T)ch~U;~bi- P0

G` c(~X;~x : ~V) ~Y;G;~a :~Y ` ~b : ~W
f~a;~X;~Yg\ dom(G) = /0 (mgu(~V;~W);s0) = (~T=~Y;s)

andsoby RuleA-OUT wehave:

(Gks)
n(~a:~T)ch~U;~bi- ((~X;~Y;G;~a :~Y)[mgu(~V;~W)] ks0)

whichmeansby thede�nition of polymorphicbisimulationwehave:

(Gk r )
n(~a:~T0)ch~U0;~bi- (G0ks0) Q ========

n(~a:~T0)ch~U0;~bi
) Q0 G0² [s0]P0 ' [r 0]Q0

soby RuleA-OUT wehave:

(mgu(~V;~W); r 0) = (~T0=~Y;r )

andhenceby RulesTR-OUT-U andTR-SILENT wehave:

(G` [r ]Q) =======
n(~a:~Y)ch~X;~bi

) (G0` [r 0]Q0)

asrequired.

Thus,¼ and' coincide.

D Strong typing for if-then-else
De®nition 14 (Strongtyping). WriteG`s P whentheprocesstypingG` P canbederivedusing
RuleT-TEST-S in placeof T-TEST-W.

De®nition 15 (Strong typed contextual equivalence).Let»= s be the contextual equivalence
generatedby typesystemG` s P.

De®nition 16 (Strongclosingsubstitution). A substitutions stronglyclosesGif:

22



1. dom(s) µ dom(G),
2. G[s] is closed,
3. for anyx : T 2 Gandx : U 2 G, if x = y thenT = U, and
4. for anyx : T 2 Gandy : U 2 G, if x[s] = y[s] andT = U thenx = y.

Proposition11 (Strong closedextension).For any s which strongly closesG, and for any
closedG[s];~b : ~V, there existsunique~y (up to renamingfreshlychosenvariables)and unique
s0¶ s such that s0stronglycloses(G;~x : ~V) and~y[s0] = ~b.

De®nition 17 (Strong typed labelled transitions). WriteC
a- s C0 whenthe labelledtransi-

tion C
a- C0canbederivedusingRuleTR-OUT-S in placeof TR-OUT-W.

P
n(~a:~T)ch~U;~bi- P0 G` c(~X;~x : ~V) f~a;~Xg\ dom(G) = /0

s0¶ (~U=~X;s) s0stronglycloses(~X;G;~y : ~V) ~y[s0] = ~b ~z[s0] = ~a

(G` [s]P)
n(~z)ch~X;~y:~Vi- (~X;G;~y : ~V ` [s0]P0)

(TR-OUT-S)

De®nition 18 (Strong typed bisimulation). Write ¼s for thebisimulationgeneratedby thela-

belledtransitionsystemC
a- s C0.

Theorem4 (Full abstraction of strong typed bisimulation for strong typed contextual
equivalence).G² P ¼s

± Q if andonly if G² P »= s Q.

E Unifying typing for if-then-else
De®nition 19 (Unifying typing). Write G`u P whenthe processtyping G` P can be derived
usingRuleT-TEST-U in placeof T-TEST-W.

De®nition 20 (Unifying typed contextual equivalence).Let»= u bethecontextual equivalence
generatedby typesystemG` u P.

De®nition 21 (Unifying typed labelled transitions). WriteC
a- u C0whenthelabelledtran-

sitionC
a- C0canbederivedusingRuleTR-OUT-U in placeof TR-OUT-W.

P
n(~a:~T)ch~U;~bi- P0 G` c(~X;~x : ~V) ~Y;G;~a :~Y ` ~b : ~W

f~a;~X;~Yg\ dom(G) = /0 (mgu(~V;~W);s0) = (~T=~Y;s)

(G` [s]P)
n(~a:~Y)ch~X;~b:~Vi- ((~X;~Y;G;~b :~Y)[mgu(~V;~W)] ` [s0]P0)

(TR-OUT-U)

De®nition 22 (Unifying typed bisimulation). Write ¼u for the bisimulationgeneratedby the

labelledtransitionsystemC
a- u C0.

Theorem5 (Full abstraction of unifying typed bisimulation for unifying typed contextual
equivalence).G² P ¼u

± Q if andonly if G² P »= u Q.
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